Act 1: Binary Session Types

With a deeply embedded binder representation.
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A simple calculus with binary session types.

Expressions e ux=tt|ff| ()|
Sorts S ::= bool | unit
Processes P,Q == klle|.P | k?().P | P | @
if e else P else ()
v.P|!P |inact
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sMoOlEMTST

A simple calculus with binary session types.

expression variables

| 2

Processes P,Q == klle|.P | k?().P | P | @
| if e else P else ()

channel variables * v.P ‘ | P ‘ inact
T *=7?[58].T |![S].T | end | L

Types

Expressions en=tt|ff| ()|

Sorts S ::= bool | unit
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Representing the Syntax.

Locally closed brings the binding structure.

Expressions eux=tt|ff|()|x

Inductive exp : Set := Inductive lc_exp : exp — Prop :=
tt lc_tt : lc_exp tt
£r lc_ff : lc_exp ff
one lc_one : lc_exp one
V of evar lc_var a: lc_exp (V(EV.Free a))

Coercion V : evar > exp.

(* Open a bound variable in an expression (original ope) *)
Definition open_exp (n : nat) (e' : exp) (e : exp) : exp :=
match e with
Vv = EV.open_var V n e' v
= e

end.
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Representing the Syntax.

Locally closed brings the binding structure.

Expressions

Inductive exp
it
ff
one
V of evar

Coercion V :

(* Open a bound variable in an expression (original ope) *)
Definition open_exp (n :

match e with

Vv = EV.open_var V n e' v

= e

end.

ex=tt|ff| ()|

: Set :

evar > exp.

nat) (e' : exp) (e : exp) :

Inductive lc_exp :
lc_tt : lc_exp tt
lc_ff : lc_exp ff
lc_one : lc_exp one
lc_var a: lc_exp (V(EV.Free a))

exp — Prop :

PR




The Syntax of Processes

Remember, locally closed brings the binding structure.

Processes P,(Q == klle|.P | k?().P | P | @
if e else P else ()
v.P|!P | inact

Inductive proc : Set :=

send : CH.var = exp — proc — proc
recelve : CH.var — proc — proc

ife : exp = proc — proc — proc
par : proc — proc — proc

1nact : proc

nu : proc — proc

bang : proc — proc
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if e else P else ()
v.P|!P | inact

Inductive proc : Set :=
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The Syntax of Processes

Remember, locally closed brings the binding structure.

—_ Inductive lc : proc — Prop :=
Processes P, == klle|.P | k?().P | P | Q [ lc_send : forall k e P,
if e else P else () CH.lc k =
lc_exp e =
v.P|!P | inact lc P -
lc (send k e P)
Inductive proc : Set := | lc_receive : forall (L : seq EV.atom) k P,
send : CH.var — exp — proc — proc CH.lc k =
receive : CH.var — proc_—> proc (forall x, x \notin L = 1c (open_e@ P (V (EV.Free x)))) =
ife : exp = proc — proc — proc lc (receive k P)
par : proc — proc — proc
inact : proc | lc_nu : forall (L : seq CH.atom) P,
nu : proc_— proc (forall k, k \notin L = 1c (open_k@® P (CH.Free k))) -
bang : proc — proc lc (nu P)

| lc_bang P: 1c P = 1c (bang P)
Fixpoint open_e (n : nat) (u : exp) (P : proc) : proc :=
match P with (* ... *)

' Fixpoint open_k (n : nat) (ko : CH.var) (P : proc) : proc :=
match P with

| eead 1. o~ N PO B AU DR DI Di W A DU DEPIE o  \
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Congruence and Reduction

Keeping an eye on locally nameless.
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[C-NU’ v.lnact = inact
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Congruence and Reduction

Keeping an eye on locally nameless.
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Representing Judgments

It’s really nothing new.

Reserved Notation "P — Q" (at level 70).
Inductive red : proc — proc — Prop :=
| r_com (k : CH.atom) e P Q:
lc P =
(par (send k e P) (receive k Q)) — (par P ({ope 0 < e} Q))

| r_cong P P' Q Q' :
lc P = 1

| r_scop P P':
(forall (L : seq CH.atom) Kk,
k \notin L = (open_k@ P (CH.Free k)) — (open_k@ P' (CH.Free k))) —
nu P — nu P’

| r_par P P' Q:
lc Q =
P— P' >
par P Q — par P' Q

r if tt P Q: ife tt PQ — P
r if ff P Q: 1fe ff P Q — Q
where "P — Q" := (red P Q).
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Typing sSmolEMTST

Locally nameless became easy by now.

| T-SEND) [T-PAR]
I'F.e: S I'EFP:A-k:T I'FP: A 'EP:A A= A
I'FElel.P:A-k:S|.T 'FP|Q:AoA
[T-1FE] [T-INACT] | T-BANG]
[, e : bool 'FP:A 'FQ:A completed(A) completed(D) 'FP:.

['Fifeelse Pelse (@ : A ['+ inact: A ['HFIP:A
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Substitution Lemmata

Because one lemma is not enough.

Lemma SubstitutionLemmaExp G x S S' e e':
binds x S' G =
oft exp Ge' S' =
oft exp Ge S = oft _exp G (s[ x < e'l]e e) S.
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Because one lemma is not enough.
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Substitution Lemmata

Because one lemma is not enough.

Lemma SubstitutionLemmaExp GXxSS'ee': ,
binds x S' G = Theorem ExpressionReplacement G P x E S D:
oft_exp G e' S' — binds x S G =
oft exp Ge S = oft_ exp G (s[ x = e'Je e) S. oft_exp G ES =
oft G PD —
oft G (s[ x - E]lpe P) D.
Proof.

Lemma ChannelReplacement G P c ¢' D :
oft G PD —

def (subst env c c' D) —
oft G (s[ ¢ < chan_of_entry c' ]p P) (subst _env c c' D).



Subject Reduction

These proofs will motivate some other lemmas (e.g: weakening).

Theorem CongruencePreservesOft G P Q D :
P=Q > oft G PD — oft G QD.
Proof.

elim={P}{Q}//. (> ... *)[]



Subject Reduction

These proofs will motivate some other lemmas (e.g: weakening).

Theorem CongruencePreservesOft G P Q D :
P=Q — oft G PD — oft G QD.
Proot.

elim={P}{Q}//. (> ... *)[]



Subject Reduction

These proofs will motivate some other lemmas (e.g: weakening).

Theorem CongruencePreservesOft G P Q D :
P=Q > oft G PD — oft GQD.

Proof.

elim={P}{Q}//. (> ... *)[]



Subject Reduction

These proofs will motivate some other lemmas (e.g: weakening).

Theorem CongruencePreservesOft G P Q D :
P=Q > oft GPD — oft GQD.

Proof.

elim={P}{Q}//. (> ... *)[]



Subject Reduction

These proofs will motivate some other lemmas (e.g: weakening).

Theorem CongruencePreservesOft G P Q D :
P=Q > oft G PD — oft G QD.
Proof.

elim={P}{Q}//. (> ... *)[]

Theorem SubjectReductionStep G P Q D:

oft GPD > P — Q > exists D', D~ D' A oft GQD"'.
Proof.

move= Op PQ. (* ... =*)

Theorem SubjectReduction G P Q D:
oft GPD > P —% Q > exists D', oft G Q D'.



Subject Reduction

These proofs will motivate some other lemmas (e.g: weakening).

Theorem CongruencePreservesOft G P Q D :
P=Q > oft G PD — oft G QD.
Proof.

elim={P}{Q}//. (> ... *)[]

Theorem SubjectReductionStep G P Q D:

oft GPD > P — Q > exists D', D~ D' A oft GQD"'.
Proof.

move= Op PQ. (* ... =*)

Theorem SubjectReduction G P Q D:
oft GPD > P —*% Q > exists D', oft G Q D'.



Subject Reduction

These proofs will motivate some other lemmas (e.g: weakening).

Theorem CongruencePreservesOft G P Q D :
P=Q > oft G PD — oft G QD.
Proof.

elim={P}{Q}//. (> ... *)[]

Theorem SubjectReductionStep G P Q D:
oft GPD > P — Q = exists D', D ~» D' A oft GQD"'.
Proof. —

move= Op PQ. (* ... =*)

Theorem SubjectReduction G P Q D:
oft GPD > P —*% Q > exists D', oft G Q D'.



Subject Reduction

These proofs will motivate some other lemmas (e.g: weakening).

Theorem CongruencePreservesOft G P Q D :
P=Q > oft G PD — oft G QD.
Proof.

elim={P}{Q}//. (> ... *)[]

Theorem SubjectReductionStep G P Q D:
oft GPD > P — Q > exists D', D~ D' A oft GQD"'.
Proof. —

move= Op PQ. (% ... *)

Theorem SubjectReduction G P Q D:
oft GPD > P —% Q > exists D', oft G Q D'.




Conclusion of the First Act.

No intermediate and no tiny ice cream like at the theatre.

 Deep embedding (LN) binders allows us to fully control the calculus.
| N demands tribute for that control (in the shape of theorems).
e EMTST (the tool) helps with nominal sets and environments.

* In the next act we explore what do we get if we give up control (using
shallow embeddings).



