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Overview

-

Session Typing for Higher-Order tT-calculuswith Buffered
communications.

Subtyping for Asynchrony / Session action permutation.
Integration with mobile code (functions as values).
Techniques from Linear Type Theory (Linear A-calculus).

Simulation technique for Subtyping: Recursive types, Linear
Types, Partial Permutations.

Example: Type-safe optimisation of a mobile application.



Session Types

- N

A binary session describes a communication protocol between
two parties, taking place over a single connection between them.

Kaku Takeuchi and Kohel Honda and Makoto Kubo. An
Interaction-based Language and its Typing System.
PARLE'94, LNCS 817, pages 398-413, Springer-Verlag, 1994

Many works on Sessions for Pi, Corba I/f, Functional m/t
languages, Subtyping & Par. Polymorphism, Ambients, Objects,

Web services.

More recently: increasingly many works on multi-party sessions.

o |
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Basic Sessions

-

Session type for channel a:

a : (!fint].![int].?lbool].end)



Basic Sessions

-

Session type for channel a:

a . (!int].![int].?[bool|.end)
a . (?/int].?/int].!|bool|.end)

agrees with HOT® code:
P =a(x).x1(5).x1(5).x(y:bool).0
Q=a(x).x(y:int).x(z:int).x!(r).0
. P | Qis typable



Sessions with Branching

-

Session type for channel a:

a . (dhladd:!int].! [lnt] ?/int].end,
grt :!{int].!|int].?/bool|. end>



Sessions with Branching

-

Session type for channel a:

a . (dhladd:!int].! [lnt] ?/int].end,
grt :!{int].![int].?/bool]. end>

a . (&ladd:?int|.?int].!|int].end,
grt :?(int|.?/int|.!|bool|.end|)

agrees with HOT® code:

P= a( X). X < addx'<5> X! (5).X(y)

- B grt : x(y) (z) xi<;<>z>}7



Permutation

- N

| Inat].?[int].end < ?]int].![nat].end

?lint].![nat].end « ![nat].?|int].end
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l Client I

Example Scenario

l Agent I

rtt

rit

l MClient I
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creditcard XX -

MCl | ent makes use of asynchronous subtyping.

-

|
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Example Scenario: The Code

- N

Client = a(X).X?(rtt).x <tmove.

XI{("™X!(ritz).XI (suite).x?(rate).x! (card)....")

Agent = a(X).X!(rtt).X>{move : x?(code.(run code| Q),
local : Q }
Q = x?(hotel).x?(roomtypeg.x!(rate).x?(creditcard)...
MClient = @a(X).X<Imove.
L X ("X (ritz).X!(suite).X!(card).x?(rtt ).x?(rate) . j}



The Language (some rules)
|7 (beta) (AX.P)V — P{V/i} T
(rec)  (MYAXP)V — P{V/x}{HyAX.Pjy}

(conn) a(x).P|a(z2).Q — (vs)(P{9x} | Q{%z} | s:e|5:e)
s,5¢ fn(P,Q)

(send) s!(V).P|5:h — P|s:h-V

(recv) s?(x).P|s:V-h — P{Vi}|s:h

(sel) s<l.P|3:h — P|3s:h-

| (bra) s> {l1:P,....In:P} | s:lm-h — Pn|s:h -
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Types
fTerm T = U|»o T

Value U (= H | S

HO-value H == wunit|U—->T |U—-T | (9
Session S = IlUJLS|?U].S
®1:S,.. S | &11:S,. .-, 10 S
U.S | t | end

Duality: HU].S=7U].S

L Bll1: S, ln S =&[l: S, 0 S J

t=t Ut.S= ut.S end = end

—p. 1C
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Linearity

Take f =A(X:S—¢).(X-S| X-9)
Take V = A(y:S).(y/(5) | s"1(2))
Then f -V is unsafe.

— (8(5) [ s1(35) [ $71(2) | s71(2))

A linear function is consumed when applied.

Similar restrictions for sessions, e.g. we should not have
s= 5 above.

No copying of linear functions and session endpoints (i.e. no
contraction in typing).

No forgetting (i.e. no weakening). J

—p. 11



Partial Permutations

-

sl (2).s!(true).s?(x).0 | $2(y).5?7(2).5 (y+2).0

If we permute the outputs to get S! (true).sl (2).5?(X).0, then
the above parallel composition causes a type-error.

Also, one direction causes deadlock, losing progress:
consider exchanging sl (true) and s?(z) in sl {(true).s?(2).0,
and 5?(y).5!(2).0.

$2(2).9 (true).0 | S2y).8(2).0 A

Note that partial permutation is only applied to finite parts of
the top-level actions without unfolding recursive types.

The principle is simple: outputs / selections can be done in
advance — not the other way around. Input dependency can J
cause deadlock.

—p. 12



Permutation Rules

B o

(Ol) U].?2U'].S <« ?2U/.NULS

(S B[l ?U].Slijca < 2U].&[l;:S]je

(0B) U].&[1:S]jes < &[lj:1U].Sj]jes

(SB) @[li:&[lj:§jljedliar < &[l5:®[li:Sjlie]jes

| €1
(T)Sl<<8?<<5§3<<53 (B & [l V‘S«].Eel <j8fTISS].e|
S« S

) surs<aurs (CO!UIS<ULS

L(CS) @[li :S]iel <K @“i :S]i€| (E) end < end (M) }JI.S < IJI.SJ



n-time Unfolding

-

#® Unfolding needs to be “deep™
unfold*(2U.ut.![U].t) = 2U]NU.ut.I U]t

unfold?(2U].ut.2U.ut" 1U].t)) =

U] 2U] U]t U]

# Allows output !|U’] to appear at top-level

® Then the rules of < can apply (OI) and we can obtain:

HUT.2U .t U] .t

—p. 14
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Coinductive Subtyping |

! [U]_] }J.tl [Ul] O[Uz} 1 < I.J.t?[Uz] | [Ul] 1

® Subtyping is equi-recursive.
#® Valid permutations are also allowed.

® The technique uses Type Simulations.

-

—p. 15



Coinductive Subtyping Il

|7Variance Switch: T

H,HY®* =H,H)  (§9)Y=(S8,9 (0,0)¥ =(¢,0)

1 is a Type Simulation if (T1, T>) € [ implies:

1.
2.
3.

If Ty = ¢, then To = <.

If T = unit, then To> = unit.

f T, =U; — T/, then T, =U; — T, or T, = U, — T, with
(Up,U)® € O and (T],T,)® € O.

If T, = Uy — T/, then T, = U, — TJ with (U,,U;)® € O and
(T{,T)® e [O.

If T, = (S1), then T, = ($) and ($,$) € O and
(2,S) €.

|

—p. 1€



10.

11.

Coinductive Subtyping Il

If T, = end, then unfold"(T,) = end.

If T, =1U.].S then unfold"(Ty) > 1Uy].S, (U1,U2)® € O
and (S,S) €

If Ty =?U4]. Sl then unfold"(T,)=?[U,].S, (Us,Uq)® € [
and (§,S) €

If T, = [ i S_'|_|]|€|, then unfoldn(Tz) > @“j ; SZj]jEJ, | C J
and Vi € 1.(S;,S) € 0.

|f Tl — &[li : Sli]ieh then unfoldn(Tz) — &[lj : SZJ']J'EJ, J C |
andV | € J.(Slj,Szj) e L.

If T, = pt.S then (unfold*(Ty), To) € [.

-
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Coinductive Subtyping IV
-

[Theorem] <. Is a preorder.
Transitivity 1s the crucial property.

Need to find the right relation (wrt [14, L1»), and prove it is a
simulation.

We include the transitivity connections:
[l =Uqp-Uoq U Uoq- 1o with Dij:DiUtrC(Dj,Di)

Each Lljj is a simulation (union of simulations)

Then given (Ty, To) € 1 and (T, Tz) € 02, we construct [
and it contains (Ty, Tz). Itis also a simulation.

To prove L is a simulation we take cases on an arbitrary pairJ
from within the relation: we need to check that the rules of
simulation still hold.

—p. 18



Coinductive Subtyping V

;. N

nfolding and permutation preserve subtyping (Lemma):

S Ul S

unfold(S) >SS 0O S

The Asynchrony Relation 4($,S), given $[11S, is the union:

® Forallne N

o for each n, take all valid permutations using > (finite)
s for each, add simulation LI which exists by Lemma
above.

The Transitivity Connection trc (14, []5) is also a union:

L ® Whenever S, [; S [, S5, we have A4(S,S3) C tre (04, DZ)'J

—p. 1€



Typing System

.

yping Judgement:

[ 2. LFP:T

Typing Environments:
r=0|lu:H
Some Rules:

(Shared)

HAU —-T
[,u:H;0;0+u:H
(LVar)

2 =0]|%2k:S

(Session)

LIS a set.

k:SO0Fk:

L XU —T;0;{X} FXx:

S
(Base)

U-—oT

ro:0F ():uit |

—p. 2C



Typing System (cont.)
-

Some Rules (cont.):

(Abs) ' X H;2,LFP:T
ifH=U —o T thenxe L
25 LAXEFAXCH).P:H T

(Abss)
2. X:SLEFP:T
2, LEAX:S.P:S—T

—-p. 21



Typing System (cont.)
-

Some Rules (cont.):

App) ;21 L4 FP:U —oT ;20 L0FQ:U
ifU=U" —-T' then3, =/, =0
[21,20, L1, Lo FPQ: T

Sub) ;2 LFP:H
> <Y H<H
2 LFP:H’

—p. 22



Typing System (cont.)
-

Some Rules (cont.):

(Req)
[0;0Fu: (S MEXSLEP:©
2 L-TU(X).P:o
(Rec)
[XH; ZK:SLEP:o (%)
2, k?2H].S L\ XFKk?(X).P:o

—p. 23



Session Remainder

® Sisthe type of an endpoint Sin a program fragment.

® Tis a sequence of types corresponding to the values hin the
buffer s: h.

® S is the result of subtracting the buffer types from the original
session type — it is the session remainder.

o |
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Session Remainder Rules

-

(Empty) (Get) (Put)
S—-T= S-T=S
S—e=S  7U].S-UT=S  IU].S—-T=![U].S
(Branch) (Select)
S—-1=S kel S-T=3 Viel

&[Ii ZS]ig —|k'_f=S' @[Ii :S]iel _T:@“i :S,]i
Some examples:

?lU].end —U =end ?U].HU'].end —U =!I U’].



Runtime Typing |
-

Extended Session Environment:
A:=2|As:T|AsS: (ST
Composition:
MODN, = {s:(Ai(s),M(9))|s€ dom(A1) Ndom(Ay)}
UA1\dom(Az) U Ax\dom(As)
Example:

s?(x).0 | s:V

o {s:?U].end}® {s:U} = {s:(?U].end,U)} o



Runtime Typing Il
s

ome Rules:

(Par)
A1 Lo Proio

(A O Dy L1, LpFP [P0

(Queue) f1,=U — T thenZ; =0
MZ;0Fh:1 i€l.n Zg= {8 end}
[ (Z0,--,2n) © S:T1..Ty; 0 S:hy..hy s o

(News) Sl—ﬂ:gl SZ_?ZZSQ -
[ AS:(S,T1),5:(S,12);0FP:0 S <. S
0,0 (VS)P:o
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Some Definitions

- N

balanced (A) if whenever s: (S,T1), S: (S, T2) € A with
S-T1=SandS -1, =S, then S, <. S,.

A Ordering
s:?U]l.S®s:UT Cg s:SOS:T

s:1U].S®s:T Cs s:SO®S:TU

S:M.SOS:T Cgs:SoOS:T
if s:Jut.S/tjos:T Css:S0S:T

L AONCAON If A TN, andAG A; defined J
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Properties

Type Soundness
1. Suppose ;A; LEP:o. ThenP=P implies";A; LFP .
2. Suppose I;A;0F P : T with balanced(A). Then P — P
implies M A; O P : T and either A=A or AT AN,

Type Safety

If I";A; L - P : o with balanced(A), then P never reduces into an
error.

ErrorP= (va)(v8)(Q|R) where Qis e.g.:
® S(V).R |9V .R,

\—.. J



Types for Scenario

- N

Sigent =!|int].&[move :?{unit — ¢|.§

Agent
Wlth S:L\gent

Iocal S}Xgent]

?/string|.?[string|.!|double|.?/int|.end

Slient = SAgent

Siclient = @D|move :!unit —o ¢|.![string].![string].
llint]|.?/int|.?/double].end]

SVIClient <c SAgent and S“[Client <c SClient

—p. 3C



Algorithmic Subtyping
- -

# Decidability of S« S.

#® Rewriting rule S S and S5 S — moves the action to the
head.

SET KT

T[S,)"" is a h-hole context.

® T x T'meansthat T and T’ have the same session
constructors under matching recursions; and labels in each
type are distinct.

3 H1{Ua].S1 <! U2] T [Sn)"<"
T [Ua).Son]MH 1 [Ug) T[S "™ S T[S H
(o heH
> HU41].S1 < T[!U2].Spn)

o |

—p. 31
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Algorithmic Subtyping I
. -

Theorem For all closed types Tand T/ with T x T/, T < T/ if
andonly if 0T < T'.

® Restriction T x T is necessary as assumptions can grow
iIndefinitely.

® The problem is that deep unfolding may need to be used
repeatedly creating new types larger than before.

°

These new types are not in the assumptions.

°

But, we can relax the restriction to allow the constructors to
have the same rate wrt inputs and outputs, between subtype
and supertype.

L ® Proof outline for basic restriction. J

—p. 32



Conclusions

Session actions permutation statically checked as sybtyping.
Co-inductive simulation.

Integration with Linear Higher-order Code.

Runtime typing & Safety properties.

Algorithmic subtyping.

-



Related Work
-

Typing and Subtyping for Mobile Processes Benjamin Pierce
and Davide Sangiorqgi.

Subtyping for Session Types in the Pi Calculus S. Gay and
M. Hole.

Linear A-calculus Ch. 1 of “Advanced Topics in Types and
Programming Languages” David Walker, ed. B.C. Pierce.

Linear Type Theory for Asynchronous Session Types S. Gay
and V. T. Vasconcelos.

|
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The End

?



Appendix



Encoding Replicated Processes

fDefinition: T
la(x).P aef (HyAzz(X).(P|y2)a taking v,z ¢ fv(P)
Reduction:
la(x).P | a(2).Q
— ax).(P|'a(x).P) | a(2).Q (rec)

—  (vs)(P{%x} [!a(x).P [ Q{%z} [ s:e|s:€)  (conn)

= (V) (P{¥x} | Q{¥2z} [s:e|s:e) | la(x).P

N -



n-time Unfolding Definition

-

Sforall S
S) = unfold*(unfold"(S))

unfold®(S) =
unfold*"(

unfold*(1[U].S) =![{U].unfold*(S)
unfold*(®[li: Slier) = @[l; : unfold(S)]ie
unfold!(?[U].S) =?[U].unfold*(S)
unfold* (& [li: Slic1) = &[li : unfold%(S)]ia
unfoldi(t) =t

H(Ht.S) = Spt.S/t]

!(end) = end



Coinductive Subtyping VI
- -

® [Lemma] If § < S and S| < unfold™(S;) then S| < S

® [Definition] When $ [ S for type simulation [, we define the
asynchrony relation of § and S as:

A(S1,S) =
Unen{(S,S,) | unfold™(S) > S A SO'S A O C <,
A (S,$) e D'}

# [Definition] Transitivity Connection trc ([J1, [5) is the
smallest relation such that whenever § 11 S and S5 S;,
we have 4($,S3) Ctre (U, o).

o |

—p. 3¢
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