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Denotational semantics

1. Introduction

Reversible process calculi have been studied in works such as [7,9,11,18,19,26]. One feature of such reversible processes
compared to forward-only processes is their sensitivity to true concurrency distinctions [25]. For instance, using CCS nota-
tion, the processes alb and a.b + b.a, which are respectively a parallel composition and a choice between two orderings of
events, are equivalent under interleaving semantics; however in a reversible setting we can distinguish them by noting that
alb allows us to perform a followed by b and then to reverse a, which is impossible for a.b + b.a. This motivates us to use
event structures [24] to formulate a truly concurrent semantics of a reversible process calculus.

Two reversible forms of CCS have been proposed, both using uncontrolled reversibility: RCCS [9] and CCSK [26]. RCCS
creates separate memories to store past (executed) actions, what is known as dynamic reversibility, while CCSK annotates
past actions with keys within the processes themselves, known as static reversibility. We formulate an event structure
semantics for CCSK rather than RCCS, since the semantics for past and future actions can be defined in a similar manner,
rather than having to encompass both processes and memories. We note that Lanese et al. [16,22] showed that RCCS and
CCSK can be encoded in one another, meaning one can use their encoding in conjunction with our event structure semantics
to obtain an event structure semantics for RCCS.

Event structures are a model of true concurrency and have been used for modelling forward-only process calculi [3,6,31].
Describing reversible processes as event structures gives us a simple representation of the causal relationships between ac-
tions and also yields equivalences between processes which generate isomorphic event structures. True concurrency in
semantics is particularly important in reversible process calculi, as the order actions can reverse in depends on their causal
relations rather than how the parallel actions interleave [25]. Knowing the causal relationships between actions in concur-
rent processes is also important when using causal-consistent debugging [20] to find bugs created by interactions between
processes.
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Fig. 1. The event structure described in Example 1.1.

Cristescu et al. [8] used rigid families [4], related to event structures, to describe the semantics of Rw [7]. However,
their semantics requires a process to first reverse all actions to find the original process, map this process to a rigid family,
and then apply each of the reversed memories in order to reach the current state of the process. Aubert and Cristescu [1]
used a similar approach to describe the semantics of RCCS processes without auto-concurrency, auto-conflict, or recursion
as configuration structures. By contrast, we map a CCSK process (with auto-concurrency, auto-conflict, and recursion) with
past actions directly to a (reversible) event structure in a strictly denotational fashion.

Reversible forms of prime [27], asymmetric [27], and general [29] event structures have already been defined, but the
usual way of handling parallel composition of forward-only prime (PES) and asymmetric event structures (AES) [30] does
not translate into a reversible setting, and general event structures are far more expressive than is necessary for modelling
reversible CCSK. We also considered using a reversible variant of flow event structures [3], but found that the additional
expressiveness of flow event structures was unnecessary, and in fact created problems when it came to defining a category
of the forward-only flow event structures [5]. We therefore chose to use bundle event structures (BESs) [21].

BESs were created with the specific purpose of allowing the same event to have multiple conflicting causes, thereby
making it possible to model parallel composition without creating multiple copies of events. They do this by associating
events with bundles of conflicting events, X + e, where in order for event e to happen one of the events of X must have
already happened.

This approach can be used for modelling cases such as Example 1.1 below, where an action a has multiple options for
synchronisation, either of which would allow the process to continue with the action b. If we model each synchronisation
or lack thereof as a separate event then we clearly need to let b have multiple possible causes, which we can accomplish
using BESs, but not using PESs. Having multiple copies of events depending on which causes we use is not possible in a
reversible PES, as we do not know when performing an event what will cause it to reverse. If in Example 1.1 instead (the
event labelled) b can reverse only from configurations containing either a or t, we can have a situation where we do not
have a or t in the configuration we want to add b to, and then we do not know whether to add the b that can reverse
when a is present or the b that can reverse when 7 is present. In a reversible setting, bundles therefore not only simplify
our event structures, but become necessary when we have events causing each other to reverse.

Example 1.1 (Process represented as a BES). The CCS process a.b | a can be described by a BES with the events a, 7,a, b, the
bundle {a, 7} — b, and the conflicts af T and a g t as seen in Fig. 1 where a dashed line indicates conflict and connected
arrows indicate a bundle. The process cannot be represented by a PES or AES without splitting some events into multiple
events, due to b having multiple possible causes.

We therefore define a category of reversible BESs (RBESs) in Section 3. Since the reversibility allowed in CCSK (as in
RCCS) is causal, meaning that actions can be reversed if and only if every action caused by them has already been reversed,
we use the causal subcategory of RBESs for defining a denotational semantics of CCSK in Section 4.

Causal reversibility has the drawback of allowing a process to get into a loop doing and undoing the same action indefi-
nitely; there is no control on whether or when a computation reverses. We modify CCSK to control reversibility by adding
the rollback introduced for roll-z in [17]. In Roll-CCSK every action receives a tag y, and the process only reverses when
reaching a roll y primitive, upon which the action tagged with y, together with all actions caused by it, are reversed. As
in roll-r, the rollback in Roll-CCSK is maximally permissive, meaning that any subset of reached rollbacks may be executed,
even if one of them rolls back the actions leading to another.

The operational semantics of rollback works somewhat differently in Roll-CCSK from roll-7r, since roll-r has a set of
memories describing past actions in addition to a m-calculus process, while CCSK has the past actions incorporated into the
structure of the process, meaning that it is harder to know whether one has found all the actions necessary to reverse. Since
roll-mr is based on higher order-m, it can create recursion by sending processes. Roll-CCSK on the other hand has explicit
recursion, and therefore needs to use bindings on tags to avoid ambiguity about which tag a roll is associated with.

As in roll-r, we also describe a more distributed semantics of rollback. This version of the semantics reverses each action
marked for rollback individually, rather than performing the entire roll in one step. However, unlike roll-7r, we mark all past
actions in one step. We do this because propagating a marking of past actions would otherwise require the action being
marked to be able to look at previous actions further back in the structure of the process to find markings it can propagate.
In roll-7r this is not an issue, since one has a set of parallel memories all at the same level, which can easily be compared
to find out which order they are in. We describe both of these operational semantics of Roll-CCSK in Section 6.
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Fig. 2. Event structure and configuration system categories and the functors between them. The categories RBES and REBES are new to this work, along
with the functors to and from them. While BESs and EBESs are not new to this work, the morphisms in the categories BES and EBES and the functors
going to and from them are. The remaining categories and functors were defined in [15].

Rollback has also been defined for wKraim, a tuple-based language with shared memory [13]. This was done similarly
to roll-rr, giving the locations of shared memories keys, which change when a process interacts with the location. Another
variant of CCS with rollback, CCS;o; was defined in [23]. CCSqy, like roll-7r, has memories in parallel with the process and
equips the process with an ordering of keys, which it uses to determine which actions have been caused by the action
being rolled back. This makes the semantics less compositional than Roll-CCSK. The causal-consistent reversible debugger
for Erlang, CauDEr [20], allows the user to roll back not only to a checkpoint, but to other past events such as receiving or
sending a specific message.

Once a roll y event has happened, we need to ensure that not only are the events caused by the y-tagged action a,, able
to reverse, but they cannot re-occur until the rollback is complete, at which point the roll y event is reversed. This requires
us to model asymmetric conflict between roll  and events caused by a, (apart from roll y itself). Asymmetric conflict is
allowed in extended BESs (EBESs) [21]. We define a category of reversible EBESs (REBESs) in Section 5 and use them to give
an event structure semantics of rollback in Section 7. Note that we do not restrict ourselves to the causal subcategory of
REBESs, since reversibility in Roll-CCSK is not necessarily causal: an action a, tagged with y is a cause of roll y, but we
want a,, to reverse before roll y does.

Outline. Section 2 recalls CCSK. Section 3 describes (reversible) bundle event structures and their categories. Section 4 defines
the event structure semantics of CCSK. Section 5 describes (reversible) extended bundle event structures. Section 6 defines
Roll-CCSK, a version of CCSK where reversibility is controlled by rollback, and its operational semantics, and Section 7 uses
reversible extended bundle event structures to describe the event structure semantics of Roll-CCSK.

Changes from conference version [14].

e We include proofs of all results.

e Sections 3 and 5 include categorical definitions of the forward-only bundle and extended bundle event structures.

e Sections 3 and 5 include functors between the newly introduced categories and their forward-only counterparts and
between RBES and REBES and other categories of reversible event structures introduced in [15] creating the categories
of reversible event structures and functors between them shown in Fig. 2.

e Section 2 includes Proposition 4.8 showing that our ordering on event structures is a complete partial order and Lem-
mas 4.9, 4.10, 4.11, and 4.12 showing that the operations we define on the event structures are monotonic.

e Section 5 includes full definitions of REBES-morphisms, a functor from REBES to CS, and causal and cause-respecting
REBESs. It also includes characterisations of products and coproducts of REBESs.

e We correct Definitions 6.1 and 6.2 so that they deal with keys rather than tags, as tags are not necessarily unique. As a
consequence we change rollbacks to be performed on tags after they find their associated action and therefore do not
need the concept of bound tags.

e We add a more distributed small-step variant of the rollback semantics to Section 6. This semantics marks all the
actions needing to be reversed and afterwards reverses them individually, rather than reversing them all at once when
the rollback is performed. While the marked actions are being reversed, subprocesses not preceded by marked actions
can continue to perform forward actions.

e Section 7 includes intermediate results Lemmas 7.17 and 7.18.

e We have added Examples 3.5, 3.22, 3.26, 6.3, 6.7, 6.14, 7.2, and 7.5.
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Table 1
Semantics of CCSK [28].
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2. CCSK

CCSK was defined in [26], and distinguishes itself from most reversible process calculi by retaining the structure of the

process when actions are performed, and annotating past actions with keys instead of generating memories. This means

we get a.P |a.Q i, a[n].P | a[n].Q, with the shared key n denoting that a and a have previously communicated, and we

therefore cannot reverse one without reversing the other.

We call the set of action of CCSK A and let a, b, ¢ range over A, o, 8 range over AU A, and p range over AU AU {T}.
We let K be an infinite set of communication keys and let m, n range over K.

CCSK then has the following syntax, very similar to CCS:

P:=«.P | a[n].P | Po+P1 | Po|P1 | P\A | P[f]

Here P\ A restricts communication on actions in AUA and P[f] applies a function f : 4 — A to the labels of transitions
performed by P.

Table 1 shows the forwards rules of the operational semantics of CCSK. As CCSK is causal, the reverse rules can be derived
from these. We use ~» to denote a reverse action, std(P) to denote that P is a standard process, meaning it contains no
past actions, keys(P) to denote the set of keys used in P, and fsh[n](P) to denote that the key n is fresh for P. We use —
to denote that an action may be forwards or reverse. The rules are slightly reformulated compared to [26] in that we use
structural congruence =. The rules for structural congruence are:

P|o=P Po|P1=P1|Po Po | (P1|P2)=(Po|P1)]| P2
P+0=P Po+P1=P1+Po Po+ (P1+ P2)=(Po+ P1)+ P2

We extend CCSK with recursion as follows. We add process constants A <5> together with definitions A(@) = P4, where
P4 is a standard process and d is a tuple containing the actions of P,. This leads us to expand our definition of structural
congruence with A (E) =Pafb/;).

Definition 2.1 (Reachability). A process P is reachable if there exists a standard process Q such that Q —™* P, and forwards-
reachable if there exists a standard process Q such that Q —* P.

Since CCSK is causal, all reachable processes are forwards-reachable ([26], Proposition 5.15; the proof still applies with
recursion added).

3. Reversible bundle event structures
In this section we define the reversible bundle event structures which we intend to use for defining denotational true

concurrency semantics of CCSK in Section 4. For this we want a categorical definition, since we can use morphisms to
determine relationships between the event structures generated by different processes and use products and coproducts



E. Graversen, I. Phillips and N. Yoshida Journal of Logical and Algebraic Methods in Programming 121 (2021) 100686

{a, b} {b, c} {a’, b’}

f f
{a} {c}
\@/

= —s ] —>

&o &

Fig. 3. The configurations of the BESs discussed in Example 3.5.

to define parallel composition and choice operators. Forward-only bundle event structures were introduced by [21], but
have not yet been defined categorically. We therefore start by giving a categorical formulation of bundle event structures in
Section 3.1 before moving on to reversible bundle event structures in Section 3.2.

3.1. Bundle event structures

Bundle event structures (BES) (Definition 3.1) extend prime event structures by allowing multiple possible causes for the
same event. They do this by replacing the causal relation with a bundle set, so that if X + e then one of the events in X
must have happened before e can happen. This gives us the configurations described in Definition 3.3.

Definition 3.1 (Bundle Event Structure [21]). A bundle event structure (BES) is a triple £ = (E, +, ) where:

1. E is the set of events;
2. § CE x E is the irreflexive and symmetric conflict relation;
3. > C2F x E is the bundle set, satisfying X — e = Ve, e; € X.(e1 # ex = eq # e2).

BESs allow events to have infinitely many causes, as there is no limit on the number of bundles per event, which enables
them to model certain behaviours that general event structures cannot. We therefore define a subcategory of finitely caused
bundle event structures in Definition 3.2, which can be modelled by general event structures.

Definition 3.2 (Finitely Caused Bundle Event Structure). A finitely caused BES (FCBES) is a BES £ = (E, >, ff) where for any
ecE, {XCE| X+ e} is finite.

Definition 3.3 (BES configuration [21]). Given a BES £ = (E, +, #), a configuration of £ is a set X C E such that:

1. X is conflict-free, that is, no events e, e’ € X exist such that e e’;
2. there exists a sequence eq,...,ep (n > 0), such that X = {e1,...,ey} and for all i, 1 <i <n, if Y  e;j;1 then
{e1,...,ei}NY #0.

A category of BESs has not, to our knowledge, been defined, and so we define a BES morphism in Definition 3.4. We
want to say that the events of Eg can behave the same way as those they synchronise with in E1, but the bundle sets mean
this is somewhat harder to describe than in other event structures. If we said that f(X)+— f(e) implies X — e, we would
be requiring X’ — e for every X' = X U X” where e € X" = f(e) = L, and by extension e ft e’ if f(e) = f(e’) = L. As this is
not what we want, we instead adopt the constraint seen in Definition 3.4.

Definition 3.4 (BES morphism). Given BESs & = (Eg, +>0, fio) and & = (E1,+>1, 1), a BES morphism from & to & is a
partial function f:Eg— E; such that for all e, e’ € Eg:

1. if f(e) 1 f(¢') then e fige’;
2.if fe)=f(e’)# L and e #¢' thenefige’;
3. for X1 C Eq if X1 —1 f(e) then there exists Xg C Eg such that Xo +—>ge, f(Xo) € X1, and if ¢’ € Xo then f(e') # L.

Example 3.5 (BES morphism). Consider the two BESs & = (Eo, 0, o) and & = (E1,+~>1, 1) where Eqg ={a, b,c}, afc and
{a,c}— b, and E; = {d’,b’} and {d'} — b’, with the configurations seen in Fig. 3, where an arrow from X to X’ indicates
that X contains an event from every bundle associated with the events in X'\ X and X U X’ is conflict-free.

We can define morphisms f from &y to £ and f’ from &; to & as

a ife=d

a o
FO=1y ife—p

fle= b

ife € {a, c}
ife=>b
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We show that BES morphisms preserve configurations.

Proposition 3.6. Given BESs & = (Eo, —>0, flo) and & = (E1, 1, fi1) and a morphism f : Eg — E1, if X C Eg is a configuration of
&o, then f(X) is a configuration of &;.

Proof. We show that f(X) fulfils the conditions of Definition 3.3:

1. For any e, e’ € Xo, if f(e) 1 f(e’), then e tip €/, and therefore if Xy is conflict-free then f(Xp) is conflict-free.

2. There exists a sequence eq,...,e; (n > 0), such that Xy = {e1,...,e} and for all i, 1 <i <n, if Y — ej11 then
{e1,....e;} N'Y # @. Obviously f(Xo) = {f(e1),..., f(eo)}, and for all i, if Y; — f(e;+1), then there exists Yo such
that Yo — ejr1, f(Yo) C Yy, and if e’ € Yo, then f(e’) # L. Since Yo N {e,...,ej} # ¥, we obviously get that
Yin{f(e1),..., flen}#9¥. O

Proposition 3.7. BES consisting of BESs and BES morphisms is a category.

Proof. Composition of partial functions is associative and f(e) = e functions as an identity arrow, and so we need only
show that the morphisms are composable:

If & = (Eg, —>0, lo), €1 = (E1,+>1,#1), and & = (E2, 2, fi2) are BESs and f: Eg — E; and g: E1 — E, are morphisms,
we show that fog:Eg— E; is also a morphism:

1. If g(f(e)) 12 g(f(e")) then f(e)#t; f(e’), and therefore e tig e’

2. If g(f(e)) =g(f(e)) and e # €/, then either f(e) = f(e’), in which case e tig ¢/, or f(e) # f(e’), in which case f(e) #;
f(e"), and therefore e tig €’.

3. If X3 2 g(f(e)) then there exist X1 € Eq and Xy C Ep such that X; —1 f(e), Xo o e, g(X1) C X2, f(Xo) C X3
and if e; € X1 then g(ey) # L and if eg € Xo then f(eg) # L. This means that g(f(Xp)) € Xo, and if eg € Xo then

g(fleo)) # L. O

We also construct a product in this category in Definition 3.8. Having products in our categories is useful for defining
parallel composition in our semantics.

Definition 3.8 (BES product). Given BESs & = (Eg, >0, flo) and & = (E1,+>1, 1), we construct & x & = (E,+—, ) with
projections g, 71 where:

1. E=Egx+E1={(e,*)|ec Eg}U{(*,e)|ecE1}U{(e,e')|ecEgand ¢ € E{};

2. for (eg,e1) € E, mi(eg, 1) =e¢;;

3. for any e € E, X C E, X > e iff there exists i € {0, 1} and X; C E; such that X; — m;(e) and X ={e’ € E | w;(¢) € X;};
4, for any e, e’ € E, e g e’ iff there exists i € {0, 1} such that m;(e) §; wi(e’), or mi(e) = mi(e’) # L and m_;(e) # my_i(e).

Example 3.9 (Product). Consider the BESs & with events a,b and &; with event ¢ such that {a} — b. Then & x &; has
the bundles {(a, %), (a, c), } — (b, %) and {(a, %), (a,c), } — (b, ¢) and conflict (a, %) f (a, ¢), (b, *) t (b, c), (x,¢) £ (a,c), (x,c) {
(b, c), and (a,c) g (b, c).

Proposition 3.10. Given BESs £y = (Eg, >0, o) and &1 = (E1, +>1, i1), we have that &y x & = (E, >, 1) is their product in the
category BES.

Proof. We define f as f(e) = (fo(e), fi(e)) and prove that f, g, and 7r1 are morphisms in Appendix B.1. O
Proposition 3.11. Given FCBESs &y and &1, we have that £y x &1 is a FCBES.
Proof. We say that & = (Eg, 0, o) and &1 = (E1, 1, f1).
For any (eg, e1) € E, clearly {X CE | X~ (eq,e1)} ={{e’ € E| mo(e') € Xo} | Xo >0 eo}U{{e’ € E | mi(e) € X1} | X1 1 €1},

which is finite because {Xg | Xo ¢ eg} and {X; | X1 +>1 e} are finite. O

We construct a coproduct of BESs in Definition 3.12. We will later be able to use the coproducts in our categories when
modelling choices in CCSK.

Definition 3.12 (BES coproduct). Given BESs & = (Eg, +>¢, fio) and & = (Eq1, 1, 1), we construct & + & = (E, +—, ) with
injections (g, t; where:
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Fig. 4. The configurations of the RBES described in Example 3.17.

C
!
!
|
|
|
|

a

<

E={(0,e)|ecEo}U{(1,e)|e€Er};

fore e Ej, tj(e) =(j,e) for je{0,1};

X (j,e)iff forall (j,e')eX, j=j and (j(X)+>je;
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Proposition 3.13. Given BESs &y and &1, we have that £y + &1 is their coproduct in the category BES.

Proof. We define f as f(j,e) = fj(e) and prove that f, o, and ¢; are morphisms in Appendix B.2. O
Proposition 3.14. Given FCBESs £y and &1, we have that £y + & is a FCBES.

Proof. Follows straightforwardly from Definitions 3.2 and 3.12. O

3.2. Reversible bundle event structures

We define reversible bundle structures (RBES) by extending the bundle relation to map to reverse events, denoted e, and
adding a prevention relation, such that if e > e’ then e’ cannot be reversed from configurations containing e. We use e* to
denote either e or e.

Definition 3.15 (Reversible Bundle Event Structure). An RBES is a 5-tuple £ = (E, F, +, #f, >) where:

. E is the set of events;

. F CE is the set of reversible events;

. the conflict relation, # C E x E, is symmetric and irreflexive;

. the bundle set, — C 2F x (E U F), satisfies X > e* = Veq,e; € X.e1 #£e; =ej ey and forall e € F, {e} > e;
. > € E x F is the prevention relation.

U WN =

Definition 3.16 (Finitely Caused Reversible Bundle Event Structure). A finitely caused RBES (FCRBES) is an RBES £ = (E, F,+>, 4
,>) where for any e* €e EUF, {X C E| X — e*} is finite.

Example 3.17 shows the configurations of an RBES. The configuration {b, c} is reachable despite b being required for c to
happen, and c being a possible cause of b. In future examples we will leave out bundles on the form {e} — e, since they
can be assumed to exist for any e € F.

Example 3.17 (RBES). An RBES £ = (E, F,+—,#,>) where E={a,b,c}, F={a,b}, atic, {a,c}+— b, {b} —~ c {a} — a, {b}+— a,
and {b} — b, has the configurations seen in Fig. 4 where we use the dotted arrow to indicate a reverse bundle.

Once again, in order to get a categorical definition of RBESs, we define a morphism in Definition 3.18. It is very similar
to Definition 3.4, and treats prevention in the same way as conflict.

Definition 3.18 (RBES morphism). Given RBESs & = (Eg, Fo, — 0, flo, >0) and & = (E1, F1,+>1, i1, 1), an RBES morphism
from &y to & is a partial function f: Eq— E1 such that f(Fg) € F; and for all e, e’ € Eg:

. if f(e) 1 f(e¢)) thenetge’;

.if f(e)=f(e')# L and e #¢’ then efige’;

. for X1 CEq if X1 1 f(e)* then there exists Xog C Eq such that Xo g e*, f(Xo) C X3, and if e’ € Xp then f(e') # L;
. if f(e)>1 f(e) then er>ge’.

A WN -~

Proposition 3.19. RBES consisting of RBESs and RBES morphisms is a category.

Proof. Composition of partial functions is associative, and f(e) =e functions as an identity arrow, and the morphisms are
obviously composable. O



E. Graversen, I. Phillips and N. Yoshida Journal of Logical and Algebraic Methods in Programming 121 (2021) 100686

{a1,b1} {b1,c1}

VAVAN
| N

&o &

Fig. 5. The configurations of the event structures discussed in Example 3.22.

As we did for BES, we construct a product of RBESs in Definition 3.20.

Definition 3.20 (RBES product). Given RBESs & = (Eo, Fo, >0, flo, >0) and & = (Eq, F1, 1, i1, >1), We construct &y x &1 =
(E, F,—,t, ) with projections g, 71 where:

1. E=Egx4Ei={(e,*)|ec Eg}U{(x,e)|ecE1}U{(e,e’)|ecEgand e € E{};

2. F=Fg x+ F1={(e,*)|e € Fo} U{(x,e) |e€ F1}U{(e,e’) | e € Fy and ¢’ € F1};

3. for (eg,e1) € E, mi(eg, 1) =e¢j;

4. for any e* e EUF, X CE, X e* iff there exists i € {0, 1} and X; C E; such that X; — mj(e)* and X = {e’ € E | mj(e’) €
Xi};

5. for any e, e’ € E, e # ¢’ iff there exists i € {0, 1} such that 7;(e) #; i (e'), or mwi(e) = mi(e’) # L and my_;(e) # m1_i(e);

6. for any e € E, e’ € F, e > ¢’ iff there exists i € {0, 1} such that 7;(e) <; m;(e’).

Proposition 3.21. Given RBESs &y = (Eo, Fo, —>0, flo, 0) and &1 = (E1, F1, 1, 11, 1), we have that £y x & is their product in
the category RBES.

Proof. Similar to the proof of Proposition 3.10. O

Example 3.22. Consider the RBESs & = (Eg, Fo, 0, flo, >0) and & = (E1, F1,+—1, 1, >1) where Eqg = Fo = {ag} and E1 =
{a1,b1,c1}, F1={a1,b1}, a1 #1 c1, {a1, c1} =1 by, and {c1} —1 by, with the configurations seen in Fig. 5.
Then & x & = (E, F,—, {,>) where

= {(ao, %), (ag, a1), (ao, b1), (ap, c1), G+, ay), (x,b1), (x,c1)}
F ={(ao, %), (a0, a1), (ao, b1), (*,a1), (x,b1)}

(a0, a1) # (ao, b1) (ao, b1)  (ap, c1)
(ao, ar) # (ao, c1) (ag, ar) ft (ap, *)
(ao, b1) # (ap, *) (ao, c1)  (ag, *)
(ag,ay) f (x,ay) (ao,b1) # (x,b1)
(ap, c1) #f (%,¢1) (ap, a1)  (ao, c1)
Gk, a1) it (,¢1) (ag,ar) ff (x,¢1)

(*,a1) # (a0, c1)
{(ao,a1), (ao, 1), (*,a1), (x,c1)} = (a0, b1)  {(ao, 1), (x,c1)} = (x,b1)
{(ag,ay), (ao, 1), (*,a1), (x,c1)} = (x,b1)  {(ao, 1), (x,c1)} — (ao, b1)

Proposition 3.23. Given FCRBESs &y and &1, we have that &y x &7 is a FCRBES.
Proof. Similar to the proof of Proposition 3.11. O

Definition 3.24 (RBES coproduct). Given RBESs &y = (Eg, Fo, —>0, flo, >0) and & = (E1, F1, 1, 1, >1), we construct & +
&1 =(E,F,—,t,>) with injections ¢, ¢t where:

E={(0,e)|ecEo}U{(1,e)|ec Eq}

F={(0,e)|ec Fo}U{(1,e)|ec Fq}

foreecEj, tj(e) =(j,e) for je{0,1}

X (j,e)*iff for all (j/,e)e X, j=j" and (j(X) +>je*
(joeya(j,e) iff j#j oret;e

o (jie)y>(j,e)iff j#j orerje
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{1, a1). (1,b1)} {(1,b1), (1, c1)}

I ™

{(0,a0)} {(1,a1)} {1, b1)} {(1,c1)}

‘\/

%

Fig. 6. The configurations of the RBES discussed in Example 3.26.
Proposition 3.25. Given RBESs &y and &1, we have that &y + &1 is their coproduct in the category RBES.
Proof. Similar to the BES coproduct (Proposition 3.13). O

Example 3.26. Consider again the RBESs & and &1 from Example 3.22. We can also find & + & = (E, F,—, f, >) where

E ={(0,a0), (0, bo), (1,a1), (1,b1), (1, c1)}

F ={(0,a0), (0, bo), (1,a1), (1, b1)}

(1,a1) g (1,¢1)

{(0,a0)} = (0, bo) with the configurations seen in Fig. 6.
{(1,a1), (1, c1)} = (1, b1)

{(1,c)} > (4, b1)

(0, bo) > (0, ap)

Proposition 3.27. Given FCRBESs &y and &1, we have that £y + &7 is a FCRBES.
Proof. Follows straightforwardly from Definitions 3.16 and 3.24. O

We want to model RBESs as configuration systems (CSs), and therefore define a functor from one category to the other
in Definition 3.29. A CS consists of a set of events, some of which are reversible, configurations of these events, and labelled
transitions between them, as described in Definition 3.28. We will later use the CSs corresponding to our event structure
semantics to describe the operational correspondence between our event structure semantics and the operational semantics
of CCSK.

Definition 3.28 (Configuration system [27]). A configuration system (CS) is a quadruple C = (E, F,C, —) where E is a set of
events, F C E is a set of reversible events, C C 2 is the set of configurations, and —C C x 2EVE « C is a labelled transition

. . AUB
relation such that if X — Y then:

e ANX=0; BCXNF; Y=(X\B)UA;

, , AUB _ (A\A)U(B\B) o o
e and for all A’ C A and B’ C B, we have X Z Y, meaning Z=(X\B)UA"eC.

Definition 3.29 (From RBES to CS). The functor Cp, : RBES — CS is defined as:

1. Cpr((E, F,+—,1,>))=(E, F,C,—) where
(a) X eC if X is conflict-free;

(b) for X,Y €C, ACE, and B C F, there exists a transition X % Y if
i Y=(X\B)UA;
ii. XNA=¢;
iii. BC X;
iv. XU A is conflict-free;
v. forallee B, if e’ > e then e’ ¢ X U A;
vi. for allee A and X' CE, if X'+ e then X' N (X \ B) #0;
vii. for alle € B and X’ CE, if X'+ e then X' N (X \ (B \ {e})) # ¥;
2. Cur(f)=f.

Proposition 3.30. Cy, is a functor from RBES to CS.

Proof. The definition of a CS morphism and proof can be seen in Appendix B.3. O

9
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We define cause-respecting and causal variants of RBES in Definition 3.31. In a cause-respecting RPES events cannot
reverse if they have caused a subsequent event and in a causal RPES events can reverse if and only if they have not caused
a subsequent event. We also define the categories crRBES and CRBES, consisting of respectively cause-respecting RBESs and
causal RBESs and the morphisms between them.

Definition 3.31 (cause-respecting and causal RBES). We say that £ = (E, F,—,f,[>) is a cause-respecting RBES (crRBES) if
whenever X+ e and ¢’ € XNF, then er>¢'.

We say that £ = (E, F,—, f,>>) is a causal RBES (CRBES) if (1) if e >> ¢’ then either e ff ¢/ or there exists an X C E such
that X+—>e and e’ € X, (2) if X+~ e and ¢’ € XN F, then er> ¢/, and (3) if X — e then e € X.

Proposition 3.32. Given a crRBES, £ = (E, F,—, 1, >>) with a corresponding CS C,,(€) = (E, F,C, —), any reachable C € C is
forwards-reachable.

Proof. There exists a trace ¢ &’L Co ﬂ Ci... ten} Cn where C, = C. Clearly e is a forward event eg, and Cp is forwards-
reachable, and we will show that if C; is forwards-reachable for 0 < j <1, then Ci; is forwards-reachable.
If e;‘ﬂ is a forwards event, then obviously C;; is forwards-reachable.
If e,?‘H = e, then Cjy1 = Cj_1, which is obviously forwards-reachable.
If e;.*H =e; for some 0 < j <, then for all 0 < j' <1, since ej j>ej, there does not exist X C E such that ej € X and

. {e}} {e7} {ei_} {ef i1} {ef)
XI—)Bjr.ThIS means § —> Co—> Cy... ——> Cj_1 —— Cjy1 \{ej}...— Ciy1. O

Proposition 3.33.

1. If€=(E,F,—~,8,r>)is a crRBES and Cp-(£) = (E, F, C, —) then whenever X € C is a reachable configuration and X % Y,
there exists a transition Y LA X.

2. If€ = (E,F,—,t,>) is a CRBES and Cp-(£) = (E, F,C, —) then whenever X € C, X ﬂ) Y and A U B C F, there exists a
transition Y % X.

Proof. 1. By Proposition 3.32, X is forwards reachable, meaning for every e € X, if X' — e then there exists e’ such that
XN X ={e}. For each e, € B, if X — ey and X, N X = {e;} then either e, ¢ F or e, > e;, meaning e} ¢ B, and therefore

clearly Y LA X.

2. For any forwards-reachable configuration X € C and A,B C F, if X ﬂ) (XUA)\ B then (XUA)\B % X according
to Definition 3.29:
i to iv follow from X ﬂ) (XU A) \ B being a transition.
v. For all e € A and e’ € E, if ¢’ 1> e, then either e’ f e, or there exists X’ C E such that X' — ¢’ and e € X'.
If e’ tt e, then, as X U A is conflict-free, ¢’ ¢ X U A.
If there exists X’ C E such that X’ — ¢’ and e € X’ then for all e”inX’ \ {e} we know e” #f e, meaning e” ¢ X U A. This

e/
means X N X’ =, and therefore for all X” C X, X" /—, and consequently e’ ¢ X U A.
vi. For all e € B and X’ C E, if X'+ e, then, since X is forwards-reachable, X' N X # @. If X' N X \ B =0, then there

AUB
exists ¢’ € X’ N B. But this means e > ¢/, conflicting with X — (X U A) \ B.
vii. Forallec Aand X' CE,if X'+ e, thenec X'. O

We define functors between BES and RBES, and show that they form an adjunction, meaning that applying first &
going from RBES to BES and then P, going from BES to RBES to an RBES always yields an under-estimation of the original,
in that it is the original with all actions made irreversible. We shall rely on the following characterisation of adjunctions,
based on [2, Definition 9.1].

Definition 3.34 (Adjunction). Let C and D be categories, and let F : D — C and G : C — D be functors. Then F is a left adjoint
of G, F G, if there exists a natural transformation 7 : Ip — F o G (the unit) such that for any c € C, d € D and morphism
g :d— G(c) there is a unique morphism f : F(d) — c such that g =n4 o G(f), where 1y is the component of 1 at d.

Definition 3.35 (BES to RBES). The functor P, : BES — RBES is defined as:

L Py((E,~>,1)) =(E, 0, ~, 1,0 x0);
2. Pp(f)="f.

10
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Definition 3.36 (RBES to BES). The functor ®; : RBES — BES is defined as:

1 ®,((E,F,~>.8,1>)) = (E,> N(E? x E), 1);
2. op(f)=f.

Proposition 3.37. Py, 1 &),

Proof. For any RBES £ = (E, F, >, 1, >), clearly Py(®,(E)) = (E, D, 8, —~E, ¥ x ¥) with —g=+> N(E2 x E), and we define
N : Pp(Pp(E)) — £ such that for all e € E n(e) =e, and prove that it is an RBES morphism according to Definition 3.18

1. Py and &} do not change conflict.

2. If f(e)= f(e') then e=¢'.

3. This means f(e)* = f(e), and clearly if X —¢ f(e), then X = f(X) — e.
4. There are no e’ € 4.

We then show that given a BES £4 = (Ea, >4, ia), an RBES &g = (Ep, Fp,+>p, tig, >p), and an RBES morphism g :
P,(A)— B, f:A— ®,(B) is a BES morphism according to Definition 3.4:

1. P, and @, do not change conflict.
2. If f(e)=f(e/) thene=e¢'.
3. Pp and &, do not affect >4, or =p,. O

We also wish to relate RBESs to previously defined reversible event structures as shown in Fig. 2 in Section 1, reversible
prime event structures (RPESs) [27] and reversible stable general event structures (SRESs) [29], so we define functors from
RPES to RBES and from FCRBES to SRES in Appendix A.

Since our motivation for defining RBESs was modelling reversible processes, we need to be able to label our events with
a corresponding action from a process. For this we use a labelled RBES (LRBES).

Definition 3.38 (Labelled Reversible Bundle Event Structure). A labelled reversible bundle event structure £ = (E, F,—,{
,>, A, Act) consists of an RBES (E, F,+>, i, I>), a set of labels Act, and a surjective labelling function A : E — Act.

Definition 3.39 (LRBES morphism). Let &y = (Eg, Fo, >0, flo, >0, A0, Acty) and & = (Eq, F1,+>1, i1, >1, A1, Acty) be LRBESs.
An LRBES morphism f : & — & is a partial function f : Eg — E;1 such that f : (Eg, Fo, —0, o, >0) — (E1, F1, 1, 1, >1)
is an RBES morphism and for all e € Eg, either f(e) = L or Ag(e) = A1(f(e)).

4. Event structure semantics of CCSK

Having defined RBESs, we will now use them to describe the semantics of CCSK. Unlike the event structure semantics
of CCS [3,31], our semantics will generate both an event structure and an initial configuration containing all the events
corresponding to past actions. This means that for any CCSK processes P and P’, if P — P’ then P and P’ will be described
by the same, or at least isomorphic, event structures with different initial states.

First we define the operators we will use in the semantics, particularly restriction, parallel composition, choice, and
action prefixes. Restriction is done by simply removing any events associated with the restricted action.

Definition 4.1 (Restriction). Given an LRBES £ = (E, F, >, #, >, A, Act), restricting £ to E' C E creates £ [ E' = (E', F/, ',
, >/, A\, Act’) where:

1. F=FNE; 4. >'=>N(E x F);
2. ="' = N(P(E) x (E'UF)); 5 M =Alg;
3. 4 =2 N(E' x E): 6. Act=ran(}\).

Parallel composition uses the product of RBESs, labels any event corresponding to a synchronisation 7, and removes any
invalid events describing an impossible synchronisation.

Definition 4.2 (Parallel). Given two LRBESs & = (Eq, Fg, — 0, flo, >0, Ao, Actg) and &; = (Eq, F1,+~1, ft1, >1, A1, Acty), their
parallel composition is &||E1 = (E, F,+—,4,>, A, Act) | {e | A(e) # 0} where:

1. (E,F,—,4,>) = (Eo, Fo, 0, flo. >0) x (E1, F1,~>1,1,>1)

11
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)\,0(60) ife= (eo, *)
req) ife=(x,e1)

ife = (eg, e1) and Ao (eg) = A1(e1)
0 if e = (eo, e1) and Ao(eo) # A1(e1)

Ae) =

3. Act = Actg U Act; U {0, T}
Choice, which act as a coproduct of LRBESs, simply uses the coproduct of RBESs, and defines the labels as expected.

Definition 4.3 (Choice). Given LRBESs & = (Eq, Fo, — 0, ffo, >0, A0, Actg) and & = (Eq, F1, 1, i1, >1, A1, Acty), the choice
between them is & + &1 = (E, F, —, #, >, A, Act) where:

1. (E,F,—,t,>) = (Eo, Fo, 0, flo, >0) + (E1, F1, 1, 1, >1);
2. A(j,e) =Arj(e);
3. Act = Actg U Acty.

Proposition 4.4. If £ and &y are LRBESs, then £ = &y + & with injections 1o and ¢y such that ¢j(j, e) = e is their coproduct.

Proof. Obviously £ is an LRBES, and (¢ and ¢; are morphisms, and so we simply need to prove that if there exists an
LRBES & = (E3, Fa, 2, 12, 2, A2, Acty) and morphisms fp: & — & and fq: &1 — &, then there exists a unique LRBES-
morphism f :& — &, such that fo= fotp and f1 = fo;.

Since Eg + Eq, (o, and ¢t; make up a coproduct in the category of sets and partial functions, f must be unique.

We define f as f(j,e) = fj(e) and prove it to be a morphism. Since (E,F,~,#,>) = (Eo, Fo, 0, flo,>0) +
(E1, F1,—~1,1,>1), we know f : (E, F,—,4,>) = (E3, F2, 2, 2, >2) is an RBES-morphism, and clearly A(e, j) = 1j(e) =
aa(fi(e). O

Causally prefixing an action onto an event structure means we add a new event such that the new event causes all other
events and is prevented from reversing by all other events and has the designated label.

Definition 4.5 (Causal Prefix). Given an LRBES £ = (E, F,—,#,>, A, Act), an event e ¢ E, and a label o, we add e labelled o
to the beginning of £ to get w(e).£ = (E', F',~',1',>', )/, Act’) where:

1L E—EUe: 5. >/ =pU(E x {e});
2. F'=FUe: 6. M’ =21U{(e,)};
3 s = U({{e}} x (EU{e))); 7. Act' = ActU {a}.

4, #' =t;

Now that we have defined the main operations of the process calculus, we define the event structure semantics in
Table 2. We do this using rules of the form {P[; = (£, Init, k) wherein [ is the level of unfolding, which we use to model
recursion, £ is an LRBES, Init is the initial configuration, and k : Init — K is a function assigning communication keys to the
past actions, which we use in parallel composition to determine which synchronisations of past actions to put in Init.

Note that the only difference between a future and a past action is that the event corresponding to a past action is put
in the initial state and given a communication key.

Example 4.6. The CCSK process a.b | a can be represented by the RBES with events labelled a, a, 7, and b, the bundle
{a, 7} — b, the conflicts aff T and a £ 7, and the preventions b > a and b > t, creating the LRBES seen in Fig. 7 where we
label events with their labels.

We say that {P] = supjcar {P}};. This means we need to show that there exists such a least upper bound of the levels of
unfolding. As shown in [12], ordering closed BESs by restriction produces a complete partial order. Since our LRBESs do not
have overlapping bundles (X — e* and X’ — e* implies X # X’ or X N X’ = @) they are closed, and we can use a similar
ordering.

Definition 4.7 (Ordering of LRBESs). Given LRBESs & = (Eo, Fo, —0, o, >0, A0, Actp) and &1, we say that &g <& if Eg=&1 |
Eop.

We can see that < is a partial order with the empty LRBES as its minimum.

12
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Table 2
RBES-semantics of CCSK.
{ol = (0.9,0,9,0,9,9),9,0)
{Po+ Pily = (Eo + &1, Init, k) where
For i € {0, 1}, {P;} = (&, Init;, k;)
Init={(j,e) | j € {0,1} and e € Init;}
k(j.e)=k;(e) if e € Init;
{o. P} = (a(e).(E, F,—~, 8, >, A, Act), Init, k) for e fresh for E where
{Ph = ((E,F,—,t,>, A, Act), Init, k)
{o[m].P = (oe(e).(E, F, >, 2, 1>, 1, Act), Init', k') for e fresh for E where
{Ph = ((E,F,>,8, 0>, A, Act), Init, k)
Init’ = Init U {e}
k' =kU{(e,m)}
{Po|P1ly= ((E, F,—,t,0>, A, Act), Init, k) where
For i € {0, 1}, {P;[; = (&, Init;, k;)
(E,F,—>,4,>,A,Act) = &||&1
Init = {(ep, e1) | eo € Initp, €1 € Inity, ko(eg) = k1 (e1)}U
[(* e e1 € lInit; and U
17| Hleg € Initg. Ao (e0) = X1 (e1) and ko(ep) =ki(er)
[(eo 9 eo € Initg and
" 7| Peq € Inity.1o(e0) = 11 (e1) and ko(eo) = k1 (e1)
ko(eg) if e=(eqg,*)
k(e) = 1ki(eq) ife=(x,e1)
ko(eo) if e=(eg,eq1) - note thatko(eg)=ki(e1)
{P\ A} = (ET{elr(e) ¢ A}, Init' k| {e | A(e) ¢ A}) where
{P} = (&, Init, k)
Init’ = InitN {e | A(e) ¢ A}
A=AUA
{PLfIh = ((E,F,>,8,1>, A, Act), Init, k) where
Pl =((E, F, >, 8, 1>, 2/, Act), Init, k)
Act = f(Act)
A=fod
fa(e)}, = (0.9,0,0,9,0,0),0,9)
ﬂA (b)]}’ = {[PA{b/a}I}Fl where A(@) = Py

{a,a, b}

/N

{a, b} {r,b} {a,a}

Q- ——-a-=-—--9

Fig. 7. LRBES and configurations of the process in Example 4.6.

Proposition 4.8. Any w-chain &g < &1 <&, ... has a least upper bound € = (E, F,—, #, >, A, Act) where:

1. E= | Ep; 5 >= >
new new

2. F=\ Fn; 6. A(e) =l if there exists n € w such that Ay (e) =1;
new 7. Act= Acty.

3. X+ e*ifforalln € wsuch thate € Ey, (X N Ep) > €e*; ¢ ngu Cn

4. tt= U tns
new

Proof. Clearly £ is an LRBES, and for all i € w, & < €. We therefore know that £ is an upper bound of the chain. We now
show that & is the least upper bound of the chain: Given an upper bound &, it is obvious that E C E/, F=EN F/, and if
X — e* then, for all n € o, if e € E; then X N E, >, %, meaning since &, < £’ there exists X, C E’ such that X, — e* and
X}, N E; = Xp, and since for all n’ > n, & <& and e € Ey, X, N Ey > e*. This means clearly X, NE = [J X, = X. And for

new
ecE, if X'’ ¢'*, then for all n € w such that e € E, X’ N E, >, e*, meaning X’ N E ~ e*. Similar arguments apply to f,

>, A, and Act.
Therefore, clearly £ < &’, and € is the least upper bound of the chain. O

13
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This means that, given a set of events A, with E4 being the set of LRBESs (E, F,+>, i, >, A, Act) such that E C A, we
have that (E4, <) is a complete partial order. We then need to show that our operations are monotonic.

Lemma 4.9.

1. Iféo <& and E CEq, then& [ (ENEg) <& [ E.
2. For any w-chain &g < &1 <&, ... and E € J,e,, En, we have (L] &) | E = LI (& | (E N Ep)).
new new

Proof. Straightforward from Definition 4.1. O
Lemma 4.10.

1. Given LRBESs &y < &1 and &, &y||€ < &1]|€.
2. For any w-chain &g < &1 <&, ... and any LRBES &, we have (] E)IIE = L (&rllE).

new new

Proof. Straightforward from Definition 4.2. O
Lemma 4.11.

1. Given LRBESs Eg < &1 and £, E +E <& + €.
2. Forany w-chain &g < &1 <& ... and LRBES €, we have (|| &)+ &= L] (& +&).

new new

Proof. Straightforward from Definition 4.3. O
Lemma 4.12.

1. Given LRBESs £y < &1, anevent e ¢ E1, and a label o, a(e).Ey < xx(e).&1.
2. Forany w-chain &y < &1 <&, ... anevente ¢ Eq, and a label o, we have a(e).(L| &) = L] (x(e).&E).
new new

Proof. Straightforward from Definition 4.5. O

Proposition 4.13 (Unfolding). Given a forwards reachable process P and a level of unfolding k, if { P}, = (£, Init, k) and {P},_; =
(&, Init K}, then & < &, Init=Init’, and k =K'.

Proof. We have proved in Lemmas 4.9 to 4.12 that all the operations used for defining £ and £ are monotonic, so clearly
&' < &, and since P has been generated from a standard process, we cannot have any o«[m] inside a recursion, as it would
have to have been unfolded first. O

In order to prove that our event structure semantics corresponds with the operational semantics for CCSK defined in
[28] we first show that event structures generated by our semantics are causal according to Definition 3.31.

Proposition 4.14. Given a process P such that {P} = (£, Init, k), £ is causal.
Proof. We say that £ = (E, F,—,#, >, A, Act) and prove this by induction on P:

e Suppose P =0. Then £ is empty, and therefore obviously causal.

e Suppose P = Pg + Py, {P;i} = ((Ei, Fi, >, fti, i, Ai, Acti), Init;, ki), e € E and e’ € F. Then if e > ¢/, then there exists
i € {0, 1} such that either e >; e’ or e € E; and e’ € F{_;. By induction, e [>; ¢’ this means there exists an X; C E; such
that X; ;e and e’ € X;. As X;—;e, we get Xj+—>e. And E; x E;_; C f.

If there exists an X C E such that X > e and e’ € X, then there exists an i € {0, 1} such that X +>; e. Then by induction
we get e >; ¢/, implying e > e’.
We have X > €’ if and only if there exists an i € {0, 1} such that X —; ¢’. By induction, this means e’ € X.

e Suppose P =a.P’, {P'} =((E',F',~',4/,>', ', Act), Init ,k’), e € E and e’ € F. Then if e 1> ¢ then either e >’ ¢/, or
e’ =ey and e € E'. If e >’ ¢/, then by induction there exists an X € E’ such that X —'e and ¢’ € X, and X e. If e’ =eq
and e € E’ then we know {eq} — e.

If there exists an X C E such that X — e and e’ € X, then either X —'e, or X ={ey} and e € E’. If X ' e, then by
induction we get e >" ¢/, and therefore e > e’. If X = {ey} and e € E’, then we know e > e, .
We have X — ¢’ if and only if X —'€’ or e’ =e, and X = {ey}. By induction, if X —' ¢’ then ¢’ € X.
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e Suppose P = «[m].P’. Then the proof is similar to the previous case.

e Suppose P = Pg | Py, {Pil} = ((Ei, Fi, i, i, i, Ai, Acty), Inity, ki), e € E and e’ € F. Then if e > ¢/, then there exists
an i € {0, 1}, such that mj(e) >>; wj(e’). By induction, this means there exists an X; C E; such that X; —; mj(e) and
mi(e") € X;. This means {e” € E | wi(e”) € X;} — e, and obviously e’ € {¢” € E | w;(e”) € X;}.

If there exists an X C E such that X — e and e’ € X, then there exists an i € {0, 1} and X; C E; such that X; —; mwj(e)
and X = {e” € E | mj(¢”) € Xj}, meaning m;(e’) € X;. By induction we get m;(e) >>; 7r;(e’), and therefore e > ¢’.

We have X — ¢’ if and only if there exists i € {0, 1} and X; C E; such that X; —; 7w;(¢’) and X ={e” € E | ;(e”) € X;}.
By induction, since X; —; rj(e’) we know ;(e’) € X;, meaning clearly e’ € X.

e Suppose P =P'\ A, {P'}=((E",F,~', ¢, >/, ), Act), Init k'), e € E and e’ € F. Then X > ¢’* if and only if X —'e*
and e > ¢’ if and only if e >" ¢’. The rest of the case follows from induction.

e Suppose P = P’[f]. Then the result follows from induction. O

We then show that structurally congruent processes will generate isomorphic event structures.

Proposition 4.15 (Structural Congruence). Given processes P and P’ such that P = P, {P} = (£, Init, k), and {P'}} = (€', Init’, k'),
there exists an isomorphism f : £ — £’ such that f (Init) = Init’ and for all e € Init, k(e) =k’ (f (e)).

Proof. We say that £ = (E, F,+—,#,>,A,Act) and & = (E', F/, ', 1, >, )/, Act) and do a case analysis on the structural
congruence rules:

P =P’ |0: The function f(e, x) = e fulfils the conditions.
P =Py | Pyand P’ = P; | Pg: Products are unique up to isomorphism and

(e1,e0) ife=(eo,e1)
fley=q(e1,%) ife=(xe1)
(x,e0) ife=(eo,*)
clearly fulfils the conditions other conditions.
P=Pgy|(Py]|Py)and P’ = (Pg | P1) | P2: Products are associative up to isomorphism, and f(eg, (e1,e2)) = ((eg,€1),€2)
clearly fulfills the other conditions.
P =P +0: Clearly &p = ({0} x E’, {0} x F/,=" U@, ' UG, >" U@, A, Act' U @), Init = {0} x Init’, and k = {0} x k/, meaning
f@,e)=0.
P =Py+ Pyand P’ = P1 + Pg: Coproducts are unique up to isomorphism, and f(i,e) = (1 —i,e) clearly fulfil the other
conditions.
P =(Po+ Py)+ Py and P’ = Py + (P1 + P3): Coproducts are associative up to isomorphism, and

(0, ¢ ife = (0, (0,¢"))
fe)=1(1,(,¢)) ife=(0,(1,¢e"))
(1,(1,¢e)) ife=(1,€)

clearly fulfils ghe other conditions.
P=A <E) and P’ = P{®/;} where A (@)= P4: Follows from Proposition 4.13. O

Before we show our correspondence between actions in the process and in the event structure, we show that a reachable
process has an empty initial state if and only if it does not contain any past action.

Lemma 4.16 (Standard). Given a process P such that {P]} = (£, Init, k) and there exists a standard process Q such that Q —* P, we
have std(P) if and only if Init = (.

Proof. As the only rule which can add events to an empty Init is {o[m].P]}, clearly Init =@ if std(P).

If Init = @, then clearly we cannot have any «[m] in P, which are not guarded by a restriction on «. But if such a
restricted communication has occurred in P, then there must exist a parallel a[m] inside the same restriction, meaning the
corresponding event (ey, eg) has the label t, not ¢, and would therefore be in Init. Therefore we must have std(P). O

We now show that reachable processes have conflict-free initial states.

Lemma 4.17 (Reachable). If P is forwards-reachable and {P} = (£, Init, k), then Init is conflict-free in .

Proof. We show this by induction on P.
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e Suppose P = 0. Then Init = @.

e Suppose P =«.P" and {P'}=(&’, Init’, k’). Then Init=Init’, and therefore Init is conflict-free.

e Suppose P = a[m].P’ and {P']} = (5’, Init/,k/). Then Init = Init' U {e4}, Init’ is conflict-free, and therefore Init is clearly
conflict-free.

e Suppose P = Pq + P and {P;} = (&, Init;, k;). Then Init = ({0} x Init;) U ({1} x Inity) and, since P is reachable, either
Init; = @ or Init, = ¢, and both Init; and Inity are conflict-free. Therefore, Init is conflict-free.

e Suppose P = P | P, and {P;}} = ((E;, Fi, —i, fli, i, Ai, Act;), Init;, k;). Then, since P is reachable from a standard process,
each key appears at most once in Py and once in P;. Additionally, Init; is conflict-free and Init, is conflict-free, meaning
Init = {(eo, *) | e € Inity and Fe; € Init;.2g(eg) = A1(e1) and kg(eg) = ki(e1)} U {(x,e1) | e1 € Init; and Feg € Initg.2g(eg) =
M1(eq) and ko(eg) =ki(e1)} U {(eg, e1) | eg € Initg, eq € Inity, ko(eg) = ki(e1)} is conflict-free.

e Suppose P =P'\ A and {{P'}}=(&’, Init’,k’). Then Init’ is conflict-free, and Init  Init’, meaning Init is conflict-free.

e Suppose P = P’[f]. Then Init = Init’, which is conflict-free. O

Finally we show in Theorems 4.18 and 4.19 that given a process P with a conflict-free initial state, including any reach-

able process, there exists a transition P X p’if and only if the event structure corresponding to P is isomorphic to the
event structure corresponding to P’ and an event e labelled u exists such that e is available in P’s initial state, and P’’s
initial state is P’s initial state with e added.

Theorem 4.18. If { P} = (£, Init, k), £ = (E, F,—~,,>, A, Act), Cpr(€) = (E, F, C, —), Init is conflict-free, and there exists a tran-

sition P ™ p’ such that {P'} = (&', Init", k'), then there exists an isomorphism f : £ — £ and a transition Init 14 X such that
re)=pu, fok' =kU{(e,m)}, and f(X) = Init.

Proof. We prove this by induction on P plml, P’. The full proof can be seen in Appendix C.1 O

Having shown that each forwards transition in the operational semantics corresponds to one in the generated event
structure, we now show the converse.

Theorem 4.19. Let P be a reachable process. If {P}} = (£, Init, k), £ = (E, F,+—, 8, >, A, Act), Cp(€) = (E, F, C, —), Initis conflict-

free, and there exists a transition Init 5 Xin Cpr (), then there exists a key m and a transition P 2elml P’, such that {[P’]} =

(8/, Init’, k/> and there exists isomorphism f : £ — &' such that f ok’ =k U {(e,m)} and f(X) = Init'.
Proof. We prove the theorem by induction on P in Appendix C.2. O
Corollary 4.20. Given a process P such that {P]} = (&, Init, k), Init is forwards-reachable in £ if and only if P is forwards-reachable.

Since we showed in Proposition 4.14 that any event structures generated by processes are causal, it follows that we get
a similar correspondence between the reverse transitions of processes and event structures.

Theorem 4.21. Let P be a CCSK process. If {P} = (£, Init, k), € = (E, F,+—,f,>, A, Act), Cp(€) = (E, F,C, —), Init is conflict-
free, and there exists a transition P M b such that {P'} = (&, nit', k'), then there exists isomorphism f : £ — £’ and a transition

Init ﬂ X such that M(e) =, f ok’ =k U {(e,m)}, and f(X) = Init'.
Proof. Implied by Proposition 4.14, Theorem 4.18, and Corollary 4.20. O

Theorem 4.22. Let P be a CCSK process. If {P} = (£, Init, k), £ = (E, F,+—, 8, >, A, Act), Cp(€) = (E, F, C, —), Init is conflict-free,
and there exists a transition Init = X in Cyy(€), then there exists a key m and a transition P MM b1 such that {P'}=(& mit' k)
and there exists isomorphism f : £ — £’ such that f ok’ =k U {(e,m)} and f(X) = Init.

Proof. Implied by Proposition 4.14, Theorem 4.19, and Corollary 4.20. O

We have now proved operational correspondence between the operational semantics of CCSK and the event structure
semantics presented in this section. Proving this correspondence on reverse actions was made easy by both the calculus
and the generated event structures having uncontrolled causal reversibility. However, uncontrolled reversibility comes with
problems, in that it allows a process or event structure to do and undo the same action indefinitely. We would therefore
like CCSK to have a way to control its reversibility.
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{a, roll v} {a,roll y} <—— {a,a,roll y}

/

{roll ¥} {a, ba}

/

{a, bg,roll y} «— {a,a, bg, roll y}

{a a} {a,a, bg}

\

{rb

{r,roll y} «———— {7, br roll ¥}

Fig. 8. The reachable configurations of the REBES described in Example 5.1.

5. Reversible extended bundle event structures

Suppose one wishes to model a program consisting of multiple parallel processes, but rather than allowing the process
to do and undo actions whenever as in CCSK, it might be preferable to have one action that causes all actions, or all
actions since the last safe state, to be reversed before the process can continue, similar to the roll command of [17]. RBESs
can easily ensure that this roll event is required for other events to reverse. We simply say that {roll} > e for all e, but
preventing events from happening in RBESs requires symmetric conflict, which would mean the other events also prevent
roll from occurring. To solve this problem in sequential processes, Phillips and Ulidowski [27] use reversible asymmetric
event structures, which replace symmetric conflict with asymmetric. But since these use the same notion of causality as
reversible prime event structures, they have trouble modelling concurrent processes with synchronisation, as shown in
Example 1.1.

Extended bundle event structures (EBES) (Definition 5.2) add asymmetric conflict, similar to that of AESs to bundle event
structures, and so defining a reversible variant of these will allow us to model the above scenario easily. In this section we
therefore define a category of reversible bundle event structures, similar to the category of RBESs we defined in Section 3.

Example 5.1 (The necessity of REBESs for modelling rollback). Consider a process a.b | @y .roll y, where roll y means undo the
action labelled y, that is @, and everything caused by it before continuing. To model this we would need to expand the
RBES from Example 4.6 with a new event roll y, and split b into two different events depending on whether it needs to
be reversed during the rollback or not. This would give us an RBES ({a, T, @, bq, b, roll y},{a, t,a, by, bz, roll y},+—>,4,)
where {a} > bq, {T} > be, {@, T} roll y, {roll y}+ 7, {roll y} >, {roll y}+> b, afit,att, bg>a be>7,arolly,
and 7 > roll y. This would indeed ensure that a and the events caused by it could only reverse if one of the roll events had
occurred, but it would not force them to do so before doing anything else. For this we use asymmetric conflict: roll y > a,
roll y > 7, roll y > b, giving us a CS with the reachable configurations shown in Fig. 8.

Definition 5.2 (Extended Bundle Event Structure [21]). An extended BES (EBES) is a triple (E, —, >) where:

1. E is the set of events;
2. > C 2E x E is the bundle set, satisfying X +— e = Ve, ez € X.(e1 ey = eq <ey);
3. <CE x E is the asymmetric conflict relation, which is irreflexive.

As we did for BESs, we define configurations, product, coproduct, and a finitely caused subcategory of EBESs. The full
details can be found in Appendix D.

We again define a reversible version of EBESs in Definition 5.3, simply extending the asymmetric conflict and bundles to
act on reversible events similarly to RBESs.

Definition 5.3 (Reversible Extended Bundle Event Structure). A reversible EBES (REBES) is a triple £ = (E, F, +, >) where:

1. E is the set of events;

2. F CE is the set of reversible events;

3. »C2E x (E U F) is the bundle set, satisfying X +— e = Veq,e2 € X.(e1 #e3 = e1 <ey), and for all e € F, {e} — e;
4, < C(EUF) x E is the asymmetric conflict relation, which is irreflexive.
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{a, b}

{a}/ (b}
‘\ i

Fig. 9. The configurations of the REBES described in Example 5.5.

{b,c}
/N

{c}

Unlike the forward-only general event structures, reversible general event structures (RESs) can model asymmetric con-
flict, by using their preventing set. This means that when we create a subcategory of finitely caused REBESs, they can be
modelled by RESs.

Definition 5.4 (Finitely Caused Reversible Extended Bundle Event Structure). A finitely caused REBES (FCREBES) is an REBES &£ =
(E, F,+—,r>) where for any e* € EUF, the set {X C E | X — e*} is finite.

Example 5.5 shows an REBES, which cannot be represented by an RBES, since one gets a transition ¥ — {a}, but no
{b} — {a, b}, despite {a, b} being a configuration.

Example 5.5 (REBES). An REBES & = (E, F,+—,>) where E ={a, b, c}, F ={a, b}, {a,c}— b, {b}+—c {a} — a, {b} > a, {b}—
b,ar>c, c>a, and b > a gives the CS Cer(€) in Fig. 9.

In order to define REBES morphisms, we extend the RBES definition in the obvious way, as seen in Definition 5.6.

Definition 5.6 (REBES morphism). Given REBESs & = (Eg, Fo, >0, >¢) and & = (E1, F1,+1,>1), an REBES morphism from
&y to &7 is a partial function f: Eg — E1 such that f(Fg) € Fq and for all e, e’ € Eg:

1. if f(e) = f(¢’) and e # ¢’ then e fip €;
2. for X1 C Eq if X1 1 f(e)* then there exists Xo C Eg such that f(Xg) C Xy, if e’ € Xo then f(e/) # L, and X ¢ e*;
3. if f(e) <11 f(e')* then e <ige’".

We again construct a product of REBESs in Definition 5.7.

Definition 5.7 (REBES product). Given REBESs & = (Eg, Fo, >0, >0) and & = (Eq, F1,+—1,0>1), we construct & x & =
(E, F,—,>) with projections g, 71 where:

.E=Egx4E1={(e,x)|e€ Eg} U{(x,e)|e€ E1}U{(e,e’) |e€ Ep and e’ € E1};

.F=Fyx,F1={(e,x)|ec Fo}U{(x,e) |ec F1}U{(e,e') |e € Fp and €’ € F1};

. for (eo,e1) € E, mi(eo, 1) =ej;

. for any e* e EUF, X CE, X > e* iff there exists i € {0, 1} and X; C E; such that X; — mj(e)* and X ={e’ € E | mj(¢) €
Xi};

5. forany e € E, ¢’* € EUF, e > e'* iff there exists i € {0, 1} such that ;(e) <; i (e')*.

AW N -

Proposition 5.8. Given REBESs &y = (Eg, Fo, >0, >0) and & = (Eq, F1,+>1, >1), we have that & x & = (E, F,+—,>) is their
product in the category REBES.

Proof. Similar to the proof of Proposition D.7 seen in Appendix D. O

Proposition 5.9. Given FCREBESs &y = (Eg, Fo, >, >0) and &1 = (Eq, F1,+>1,>1), we have that &y x &, = (E, F,—~,>) is an
FCREBES.

Proof. Similar to the proof of Proposition 3.11 seen in Appendix D. O

Definition 5.10 (REBES coproduct). Given REBESs &y = (Eog, Fo, +>0, >0) and & = (E1, F1,+—1,>1), we construct & + & =
(E, F,—, ) with injections tg, t; where:

E={(0,e)|ecEg}U{(1,e)|e€E};
F={0,e)|lecFolU{(1,e) e Fi};
foreeEj, tj(e) =(j,e) for je{0,1};
X (j,e)*iff for all (j/,e)e X, j=j and (j(X) > je*;
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o (jo)*<(j,e)iff j#j ore*<je.

Proposition 5.11. If £y and £; are REBESs, then £y + &1 is their coproduct in the category REBES.

Proof. Similar to that of BES coproduct (Proposition 3.13 on Appendix D). O

Proposition 5.12. Given FCREBESs &y = (Eg, Fo, +>0, >0) and &1 = (E1, F1,+>1, 1), we have that &g + &y = (E, F,—,>) isan
FCREBES.

Proof. Similar to Proposition 3.27. O
We again model REBESs as CSs, defining a functor in Definition 5.13.

Definition 5.13 (From REBES to CS). The functor Ce, : REBES — CS is defined as:

1. Cer((E, F,+>,1>)) = (E, F,C,—) where:
(a) X e C if <« is well-founded on X;

(b) For X,Y €C, ACE, and B C F, there exists a transition X % Y if:
i. Y=(X\B)UA;
ii. XNA=0;
iii. BC X;
iv. for all e* € AUB, if e’ >e* then e/ ¢ XU A;
v. forallee A and X’ CE, if X'+ e then X' N (X \ B) #¥;
vi. for all e€ B and X’ CE, if X'+ e then X' N (X \ (B \ {e})) #¥.
2. Cer(f):f~

The definition of a cause-respecting and causal REBES (Definition 5.14) is of course practically identical to that of a
crRBES and CRBES (Definition 3.31).

Definition 5.14 (Cause-respecting and Causal REBES). We say that £ = (E, F,—,>) is a cause-respecting REBES (crREBES) if
whenever X — e and e’ € X or e > ¢/, then e > ¢'.

We say that £ = (E, F,+—,,>, A, Act) is a causal REBES (CREBES) if (1) if e > ¢’ then either e ff e’ or there exists an
X CEsuchthat X>eande € X, (2)ifer>e’ or X+>e and ¢’ € XNF, then e > ¢/, and (3) if X — e then e € X.

Proposition 5.15. Given a CREBES, £ = (E, F,+—, >) and corresponding CS C.(£) = (E, F, C, —), any reachable C € C is forwards-
reachable.

Proof. Similar to the corresponding proof for RBESs (Proposition 3.32). O

Proposition 5.16.

1. If€ = (E,F,—~,t,>) is a crREBES and Cy(£) = (E, F,C, —) then whenever X € C is a reachable configuration, X E) Y,
y 3 x

2. If€ =(E,F,—,,0>) is a CREBES and Cy,(£) = (E, F,C, —) then whenever X € C, X ﬁ) Y and AU B C F, there exists a
transition Y % X.

Proof. Similar to the corresponding proofs for RAESs [27] and RBESs (Proposition 3.33). O
We define a simple functor from RBES to REBES.

Definition 5.17 (RBES to REBES). The functor B, : RBES — REBES is defined as:

1. Be((E,F,—>,>))=(E,F,—~, <), where e’ ¢’ ifefie’ and e <’ ¢’ if ¢/ > e;
2. Be(f)=f.

We define functors between EBES and REBES, which form an adjunction.
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Definition 5.18 (EBES to REBES). The functor P, : EBES — REBES is defined as:

1. P.((E,~>,>))=(E,0,—~,<);
2. Pe(f):f-

Definition 5.19 (REBES to EBES). The functor @, : REBES — EBES is defined as:

1. ®((E,F,—>,>))=(E,—~E, <E);
2. d>e(f) = f

Proposition 5.20. P, | ®..
Proof. Similar to the proof of Proposition 3.37. O

As REBESs use asymmetric conflict, we create a functor from RAES to REBES in Definition E.3. As before, we also define
a functor from FCREBES to SRES in Appendix E. Of course this causes the same problem as a functor from RAES to SRES,
namely that a set of events X containing an infinite chain e; <te; <1... does not have any finite subsets containing such an
infinite chain, unless X also contains a finite <i-loop. This means that we may have some configurations of the generated
SRES, which were not configurations of the original FCREBES.

Since we intend to use our REBESs for modelling the semantics of Rollback in CCSK, we need a labelled variant, much as
we have of RBESs.

Definition 5.21 (Labelled Reversible Extended Bundle Event Structure). A labelled REBES (LREBES) £ = (E, F,+, >, A, Act) con-
sists of an REBES (E, F,+,>), a set of labels Act, and a surjective labelling function A : E — Act.

Definition 5.22 (LREBES morphism). Given two labelled REBESs &y = (Eg, Fo, —>0, flo, >0, A0, Actg) and & = (Eq, F1,+—>1, 1
,>1,A1,Act;), an LREBES morphism f : & — & is a partial function f : Eg — E; such that f : (Eg, Fo,—0,>0) —
(E1, F1,+—1,>1) is an REBES morphism and for all e € Eg, either f(e) = L or Ag(e) =A1(f(e)).

6. Roll-CCSK

In this section we add a rollback operator, similar to that of roll-z [17], to CCSK. The semantics of roll-7r is not directly
translatable to CCSK, as it makes use of the fact that one can know, when looking at a memory, whether the communication
it was associated with was with another process or not, and therefore, for a given subprocess P and a memory m, one knows
whether all the memories and subprocesses caused by m are part of P. In CCSK, this is not the case, as the rollback in the
subprocess a,, [n].roll y, where y is a tag denoting which rollback rolls back which action, may or may not require rolling
back the other end of the @ communication, and all actions caused by it. For example, in the process P = ay [n].roll y | b[m],
rolling back ¢ does not involve reversing b[m], but if we have a larger process, aln].bim] | (ay[n].roll y | b[m]), of which P
is a subprocess, then b[m] does need to get reversed. In roll-rr, since all the memories are together and their tags make
their causal relationships clear, this is not an issue. This makes it significantly harder to know when to stop rolling back,
as (unless all the actions needing to be rolled back were t-actions) we do not know that the rollback is complete. We
therefore need to check at every instance of parallel composition whether any communication with actions being rolled
back has taken place, and if so roll back those actions and all actions caused by them. This may include rolling back
additional actions from the subprocess containing the rollback, as in a[n{].b[nz]| c[n3].(@y, [n1].roll y | b[nz]), where it does
not become clear that b[n;] needs to be reversed during the rollback until the outer parallel composition. Additionally,
roll-r uses asymmetric communication, meaning the memories that need to be reversed form a sequence, as opposed to
one communication potentially causing more actions at both ends. This causes further problems when trying to define
distributed semantics, which we do later in this section. To get around these problems, our distributed semantics marks all
involved actions for rollback at once, but reverses them individually by using similar reversal rules to CCSK without rollback
but only applying them to marked actions.

The syntax of Roll-CCSK is as follows:

P:= ay,.P|ay[n].P | Po+ Py | PolP; | P\A
| PLf] | A<b,)7> 10| rolly | rolling y
Most of the syntax is the same as CCSK and CCS, but adding tags and rolls as described above, and rolling y, which
denotes a rollback in progress, the necessity of which is justified later. From now on we will use «.P to denote oy, .P where

no roll y exists in P. We also add a tuple of tags to our process constants, which get substituted just like the actions in a
new structural congruence rule:
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A(B, S) =Pal/a’ )5} iE AG, 7) = Pa

Before defining our semantics of rollback, we first define causal dependence and projection similarly to [17], which we
will use to define our semantics.

Definition 6.1 (Causal dependence). Let P be a process. Then the binary relation <p is the smallest relation on keys(P)
satisfying:

o If there exists a process P’ and past actions a, [n] and By/[m] such that ay[n].P" is a subprocess of P and By m]

occurs in P’ then n <p m.
e <p is reflexively and transitively closed.

Definition 6.2 (Projection). Given a process P and a set of keys C, P, is defined as:

(ozy[n].P)éc :Oty[n].(Péc)ile¢C OéCZO

(@y[n.P)sc =y (Pycf™ /roling y Difne C (P\A)yc=(Psc)\ A

roll y;c =roll y rolling y; ¢ = rolling y

(Po | P1)4c =Po,c | P, A<E,)7>éc=/‘<5»)7>
(PIfDsc="Pysclf] (Po+P1)4c =Po,c + P1y¢

(ay.P)sc=0ay.(Pyo)

Much as in [17] we carry out our rollback in two steps, the first triggering the rollback, and the second actually per-
forming the roll, in order to ensure that we can start multiple rollbacks at the same time. For example, in the process
(ay.(d.0|croll y) | by:.(C | d.roll y') |@|b)\ {a,b,c,d}, similar to an example from [17], we will otherwise never be able to
roll all the way back to the beginning, as rolling back a, will stop us from reaching roll y’ and vice versa. Tables 3 and 4
show that new rules for reversing actions in Roll-CCSK. The rules for forward actions are still the same as in Table 1.

Example 6.3. Consider the process (ay [na].(d[ng].0 | c[ne].roll ¥) | by [np].(clnc] | dlng].roll ') | alng] | blnp)) \ {a, b, c, d}. We
would like to roll this process back to its initial state, but performing one of the rolls would disable the other, since it would
reverse the communications on ¢ and d. We therefore say that we first need to trigger the rolls,

ay [ng].(d[ng].0 | c[ncl.roll y) | by [np].Clnc] | dngl.roll y') | @lng] | blny]) \ {a, b, c, d}

(ay [nq].(d[ng].0 | c[nc].rolling ¥) | by [np].(€[nc] | d[ng].rolling y") | [ng] | blny])
\{a, b, c,d}

meaning that the rolls can now be executed even if the preceding actions have been reversed, so we can do
ay [na].(dlng1.0 | c[ncl.rolling ) | by [np].(€lnc] | dngl.rolling y') | @lnal | blnp1)
\a, b, c.d}

roll ny

% (ay [ng].(d.0 | c.rolling ¥) | by.(C | d.roll y') |@lng] | b) \ {a, b, ¢, d}
Since rolling y has been triggered it can now be executed despite ¢ having been reversed,
ay [ng].(d.0 | c.rolling y) | by | d.roll ) |@lng] | b) \ {a, b, ¢, d}

roll ng

7 (ay,.(d.0 | croll y) | by.(C | doroll y) |G| b) \ {a, b, c, d}
In addition, to ensure every rollback is associated with exactly one action, we define a consistent process.
Definition 6.4 (Consistent process). A roll-CCSK process P is consistent if
1. there exists a standard process Q with no subprocess rolling y such that Q —* P;
2. any roll y or rolling y in P is part of a subprocess, o, .P" or o, [n].P’;
3. any subprocess of P, a,.P’ or o, [n].P’ contains at most one instance of roll y or rolling y not part of a subprocess of
P’, o}, .P” or a, [n].P";

4, if A(&, )7) is a subprocess of P defined as A(E, S) = P4, then P4 is consistent.

Proposition 6.5. Let P be a consistent process and P = P’. Then P’ is consistent.
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Table 3
The main rules for rollback in the operational semantics of Roll-CCSK.

ro\lg
Po Py C={m|n<pp, m}

start roll y

roll
(start ROLL)  roll AAAARy rolling y (par ROLL) Po | P4 2 (Po | P1)4c
roll .
PP C={m|n <y m.p m}
roll y. roll n
(ROLL) rolling y Y ol y (act ROLL) ay [n].P ay.P’éC

Table 4
The operational semantics for propagation of rolls in Roll-CCSK.
roll y.
p A pr y#y p fw_} P’
roll y. start roll y.
(prop ROLL 1) By [mI.P 7 B, 1[m].P’ (prop ROLL start 1) ay [P 7 ). P!
roll . start roll y.
p > pr Po ™™ Py std(Pq)
roll y. start roll y.
(prop ROLL 2) By P Byl P (prop ROLL start 2) Po + Py Y P4 Py
roll . start roll y.
Py Py py Py
roll y. start roll y.
(prop ROLL 3) Po+ P17 P + P (prop ROLL start 3) Po | Py ™™™ P} | Py
roll y.
P p! PP
roll y. start roll y.
(prop ROLL 4) P\AY™™ 7P\ A (prop ROLL start 4) P\A™Y P A
roll y. start roll y.
P p! Reoeseess
roll . start roll y.
(prop ROLL 5) PLFI™ P'[f] (prop ROLL start 5) PLF17 P[]
roll y. start roll y
PEQMQ,EP/ PEQMQ/EP/
roll . start roll .
(prop ROLL 6) prp! (prop ROLL start 6) p I p!
roll
PP ngm p 2 b
roll n roll n
(prop ROLL Key 1) By[m].P By[m].P’ (prop ROLL Key 2 ) By.P B.y.P
roll n
PO P[/) p m p’
roll 7 roll
(prop ROLL Key 3) Pg + Pq ““>P[’)+P1 (prop ROLL Key 4) P\ A ““’P’\A
U
P pr P=q ™o =p
roll roll
(prop ROLL Key 5) P[f1™ > P'[f] (prop ROLL Key 6) P~ p

Proof. The tags and definitions of process constants will not change between P and P’. O

Proposition 6.6. Let P be a consistent process and P ﬂ) P’. Then P’ is consistent.

Proof. The tags and definitions of process constants will not change between P and P’. O

Example 6.7 (Recursion). Consider the process ay.A(a; y) where we have a recursive definition A(b; 8) = bs.(A (b; §) | roll §).
This process is consistent and we show that we do not have problems of confusing which actions are supposed to be
reversed by which instance of roll y. After doing some actions and unfoldings we get

ay[nol.ay [n1].(ay [n2].(A(a; y) [ roll y) | rolling y)

At this point, if we execute the outer rolling y we will get
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roll y
rolling y > roll y

roll y

(ay[n2].(A{a; y) | roll ) | rolling )~ (ay, [n2].(A(a; ¥) | roll ) | roll y)

roll nq
ay[ni].(ay [n2].(A{a; y) | roll ) [ rolling y) ~*7a, .(ay,.(A(a; y) | roll ) | roll y)

roll nq
ay[nol.ay [n1].(ay [n21.(A(a; y) [ roll y) | rolling y) ™~
ay[nol.ay .(ay .(A{a; )| roll y) | roll y)

And we see that switching the rollback from the tag to the key once we reach the first y-tagged action means that is the
action we roll back to.

We are then ready to prove Theorem 6.9, stating that for consistent subprocesses, any rollback can be undone by a
sequence of forwards actions. For this we use Lemma 6.8, which states that projecting on an upwards-closed set of keys
always results in a possible previous state of the process.

Lemma 6.8. Given a consistent process P with no subprocess rolling y and a set of keys C such thatifn e C andn <p m thenm € C,
we have a sequence of transitions P, —* P.

Proof. We prove this by induction on the size of C.

Suppose C =¢. Then P,c =P.

Suppose P, —* P and C = C"U{n} for some n such that if m <p n then m ¢ C’. Then if there does not exist an action o
and a tag y such that oy, [n] occurs in P, we get P;c = P,c —* P. If there exists a process P’, an action « and tag y such
that ay, [n].P’ is a subprocess of P then all past actions of P’ are in ’, meaning P/éc =rt(P’), and since m<pn=m¢ C/,

ay[n] %
we get Pyjc —— P, —*P. O

start roll y
Theorem 6.9 (Loop (Soundness)). Given consistent processes Po and P1 containing no subprocesses rolling y, such that Pg

roll n
Py~ P1, we have P; —* Py.

Proof. Follows from Lemma 6.8. O

We will from now on use —ccsg and ~»ccsg to distinguish CCSK-transitions from roll-CCSK transitions. The last thing
we need to prove about our rollback operational semantics before moving on to event structure semantics is Theorem 6.12,
stating that (1) our rollbacks only reverse the actions caused by the action we are rolling back according to CCSK, and (2)
our rollbacks are maximally permissive, meaning that any subset of reached rollbacks may be successfully executed.

In order to define our notion of completeness, we first need a way to translate roll-CCSK to CCSK.

Definition 6.10 (Transforming roll-CCSK to CCSK). We define a function, ¢, which translates a roll-CCSK process into CCSK:

#0)=0 ¢(Po+ P1) =¢(Po) +¢(P1) ¢(Po|P1)=¢(Po)|¢(P1)
d(ay.P)=a.¢(P) ¢(aylnl.P) =aln].¢(P) d(P\A)=¢(P)\ A
¢(PLFD =o(P)Lf] ¢(rolly) =0

Definition 6.11 (Reversing Upto Keys). Let P be a CCSK process and T = {mg, m1, ...my} be a set of keys. We say that P ~»1 P’

u[m]
if there exists actions pt, v and a key m such that P ™?¢ccsx P’ and v[m;] <p u[m] for some m; € T.

Theorem 6.12 (Completeness). Let P be a consistent roll-CCSK process with subprocesses with rolls, o0, [mo]...roll yo,
o, [mil...roll y1, ..., oy, [ma]. .. roll yy. Then for all T C {mg, my,...my}, if ¢(P) ~>5 P’ 1 then there exists a roll-CCSK
process P” such that ¢ (P”) = P’ and P ~* P”.

start roll y; roll m;
Proof. To get P” we apply first ™~ for every m; € T and then “™>** for every m; € T to P. We show that this is the

correct P”.
Let P, be P with every rolling y replaced with roll y. Then P, ~~* P/, where P} is P” with every rolling y replaced with
roll y using the same rules as P ~* P”.
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Table 5
The main rules for semi-distributed rollback of Roll-CCSK.

roll n
Po sm Py C={m|n<pyp, m}

start roll .

roll
(start ROLL) roll y ""NW""")SM rolling y (par ROLL) Py | P1 ‘W‘gw markc (Pg | P1)
roll .
P sm P’ C={m|n<q,m.pm)
roll y, roll ny
(ROLL) rolling y MSM roll y (act ROLL) ay[n].P sm oy [n]®.markc (P)
Table 6
Reversing marked actions.
mlm mlm
std(P) P SM P’ m#n P SM P’ m#n
afn ulm jud
a[n]'.P‘N“LSM a.P a[n].PW%M aln].P’ a[n]‘.P“WgSM aln]*.P’
uln min afn an
P=Q ™7y Q' =P Po sm Py fsh[nl(P1) Po sm Py P1 sm P}
in in Tn
P sm P’ Po | Py sm Py | Py Po | Py sm Py | P
/L[“l/ uln ln
Po sm Py std(P1) P ‘N“LSM P IEA P "ngM P’
H{n] wuin f(win
Po + Py sm Py + P1 P\ A sm P\ A P[f]MSMP'[f]

By the loop theorem we get P/ —* P.. And since ¢(P;) = ¢(P) and ¢(P;) = ¢(P”), we can translate this computation
into CCSK: ¢ (P") = ¢k ¢ (P). From the loop lemma of CCSK, this gives us ¢(P) ~&-¢, ¢ (P"). And obviously ¢ (P") /7.

We then only need to show that if ¢(P) ~=5 P’ /47, then P’ = ¢(P”). Since they both reverse all the keys causally
dependent on keys in T, this follows from Proposition 5.16 of [26]. O

With Theorems 6.9 and 6.12, we have shown that our semantics captures the behaviour of a rollback, but we would
like to be able to roll back the actions one at a time in a distributed manner. For this purpose we define a new semantics,
in which the rollback marks the actions needing to be rolled back with the key associated with the rollback, so they can
be rolled back individually. We refer to this as single-mark semantics and annotate its transitions with SM; we call the
semantics described above high-level semantics, which we annotate with HL.

To mark the actions we define a new function, mark, similar to 4, which marks all the actions with a specific set of keys,
C, with e.

Definition 6.13 (Marking Function). Given a process P and a set of keys C, mark?.(P) is defined as:

markc (a¢y [m].P) = oty [m].markc (P) ifm¢C markc(0)=0

markc (P \ A) = markc(P) \ A markc (roll ) =roll y
markc (o [m].P) = ay, [m]®.markc (P) if m € C  markc (rolling y) = rolling y
markc(Pg | P1) = markc (Po) | marke (P1) markc (A <E, )7>) —A (B, ;7>

markc (Pg + P1) = markc (Po) + markc (P1) markc (ay .P) = oy, .markc (P)
markc (P[f]) = markc (P)[f]

We call a process containing actions marked with e a marked process.

Note that this marking is not defined on already marked actions, meaning all markings must be removed before a new
rollback can start.

The forwards rules are still the same, though note that a forwards action cannot propagate past marked actions. The roll
rules (Tables 4 and 5) are the same as in the previous semantics, with the exception of replacing instances of P,¢ with
markc (P) and letting start roll propagate past marked actions. For actually reversing the marked actions, we introduce the
rules seen in Table 6, which invert the forwards rules, but must start with a marked action.

Example 6.14. Consider the process ay [n].b[m].rolling ¥ | (b[m] | @[n]) in which the a’s and b’s have communicated and the
rollback has been activated. In order to actually execute the roll, we mark the actions needing to be rolled back with n:

_ roll n _
ay [n].b[m].rolling y | (b[m]|a[n]) ~sm ay [n]*.b[m]*.roll ¥ | (b[m]® | a[n]®)
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We can then reverse the marked actions in a causal way:

ay[n]*.b[m]*.roll y | (b[m]* | a[n]®)
M v ay[n]*.borolly | (B a[n]®)

ﬂsm ay.b.rolly | (b|@)

We intend to show that this new semantics is equivalent to the previous. For this purpose we define a notion of reverse-
ignoring bisimulation which, as the name suggests ignores all reverse transitions except rolls.

Definition 6.15 (Reverse-ignoring Bisimulation). A relation R on processes from single-mark and high-level semantics, is a
reverse-ignoring bisimulation if whenever P RQ:

1. 1fp M o P’ then Q %HL Q’ and P'RQ’.

2.1 Q “™ 1 0/ then P ™ gy P’ and P'RQ’.

3. For l e {roll n|n is a key}, if P"SM P’ then Q <—>HL Q’ and P'RQ’.
! i
4. Forle{rolln|nis a key}, if Q *?y. Q' then P <y P’ and P'RQ".
i bl Lho
Where P <> P’ if P A b S prorp e P for {lh,.... I, 1, ... ;}N({roll n | n is a key}) = ¢
For processes P and Q, if there exists a reverse-ignoring bisimulation R such that PRQ then Psy ~y Q.

We also define a mapping, M, which removes the e and key from all marked actions, effectively reversing them, which
we will use to describe our bisimulation relation between single-mark and high-level processes.

Definition 6.16 (Mapping from single-mark to high-level semantics). Given a reachable process of the single-mark semantics, P,
we define a mapping to a high-level process without markings:

M(ay [n].P) =ty [n].M(P) M(0) =
M(P\ A) = M(P)\ A M(roll ) = roll y
M(rolling ¥) = rolling y M(Po | P1) = M(Po) | M(Py)

MA(b 7)) =A(b. 7)
M(ay [n]*.P) =ay, .M(P)  M(Po+ P1) = M(Pg) + M(P1)
M(ay .P) = ayy .M(P) M(P[f]) =M (P)[f]
Using those, we get a correspondence between the two semantics, as expressed in Theorem 6.17.

Theorem 6.17. Given a process P reachable with the single-mark semantics, Psy ~uL M(P).

Proof. We define

={(P, M(P)) | P is reachable }

and show that this is a reverse-ignoring bisimulation.
We do this by induction on the structure of P, and it is obvious in all cases except P =, [n]*.P’. In this case P can

pulm]

ay[n']
only perform reverse non-rollback actions P M’SM Q, but M(P) can perform M(P) —>HL R. Fortunately P can perform
. . milmy] wilmi] aln] ay[n']
a series of transitions P """ gy - - o M(P) gy R. O

7. Event structure semantics of roll-CCSK

Now that we have defined operational semantics of rollback, we are ready to describe a more formal method for using
LREBESs to model rollback than the ad-hoc approach we used in Example 5.1.

To model a rollback in an event structure, we have two events, one which triggers the rollback, labelled start roll , and
another which starts the actual rollback by allowing the events caused by the associated action to begin reversing. When
prefixing a process P with an action «;,, we now need to ensure that any action in P, and any start roll associated with
such an action, will be reversed by any roll y in P, and that the rollback does not stop, signified by the event labelled roll y
being reversed, until those actions have all been reversed.
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When composing the LREBESs of two processes, we also create a separate event for each set of causes it might have
(Definition 7.1), similarly to how products of PESs are handled or how we define enablings when converting to an RES. This
allows us to say that an event can be rolled back if it was caused by a communication with one of the events being rolled
back, but not if the communication went differently. Consider the process ay .roll y | @.b | a,.roll y’. In this case we will
want b to roll back if both (a,,a) and roll  have happened, or if both (a,’,a) and roll ' have happened, but not if any
other combination of the four events has happened, something which bundles cannot express unless b is split into multiple
events. In addition, we use the sets of causes to ensure that if e is in e’’s set of causes and e,y can cause e to reverse, then
eroll Can cause e’ to reverse.

Definition 7.1 (Possible Causes). Given an LREBES, £ = (E, F,—, >, A, Act), the set of possible causes for an event e € E,
cause(e) = X, contains minimal sets of events such that if x € X then:

1. if X' — e then there exists e’ such that X’ Nx = {e’};
2. if ¢’ € x then there exists X' € cause(e’) such that X' C x;
3. if e1,eg € X then not eg f e1.

Example 7.2 (Causes and parallel composition). Consider the process P = a,.roll y | @, .roll y'. This process would generate the
event structure {P} = (£, @, ¥) with events:

{(@, (a, %)), @, (x,0)), @, (@, @), ({(a %}, (startroll y, *)),
({(a,a)}, (startroll y, %)), ({(x,a)}, (x, startroll ")), ({(a,a)},
(x, startroll ")), (roll y, %), (x, roll y/)}

Here all events but the rolls have a set of causes associated with them but are still labelled based only on the action.

The actions are not preceded by other actions, so their sets of causes are empty and they can happen at the start of the
process.

The start roll-labelled events are all caused by their preceding actions either happening on their own or synchronising,
and whether they synchronise or not determines which of the start roll events happens.

The roll events do not have sets of causes, since we do not treat them as forwards actions needing to be reversed before
the actions causing them are reversed.

As a side effect of adding causes, we also need to change the definition of restriction to remove not only the actions
associated with the restricted labels, but also the actions caused by them. We do this because we want the event structures
generated by P and 0| P to always be isomorphic, but if P = (a.b) \ {a}, we will otherwise get an event b, which, having no
possible causes, disappears once we put P in parallel with anything, since this involves generating a b event for each set of
possible causes.

Definition 7.3 (Removing labels and their dependants). Given an event structure £ = (E, F,—~,>, A, Act) and a set of labels
A C Act, we define p(A) = X as the maximum subset of E such that

1. if e € X then A(e) ¢ A;
2. if e € X then there exists x € cause(e) such that x C X.

We are now ready to define event structure semantics of Roll-CCSK in Table 7. Both roll ¥ and rolling y generate the
same event structure consisting of a start rollback event es and a rollback event e, but with the e in the initial state of
rolling . A process with an action prefix, o, .P has to find any roll  events rolling back to «y,, R, and any events not part
of a potential roll back to oy, Eq. To define Eo, we look for whether tags occur in P. This is not strictly necessary, as
we can tell for a given rollback event whether P contains its corresponding action by seeing whether it is caused by any
action events (as we do when defining R). We then say that all non-rollback events in P are caused by e, and reversed by
the rolls in R. And that the rolls in R are prevented from reversing by e,. After adding causes to action events, a parallel
composition, Pg | P1, has to figure out which rolls are associated with which of the new events with causes. To do this,
we need to find the rolls associated with either half of either the original event or one of its causes. The rest of the event
structure semantics is similar to that of Section 4.

Much like we did in Proposition 4.13, we need to show that there exists a least upper bound of the event structures
resulting from unfolding recursion. For this we first show that our action prefix, parallel composition, and tag binding are
monotonic.

Proposition 7.4 (Unfolding). Given a consistent process P and a level of unfolding k, if {P[, = (£, Init, k) and {PJ}x_; = (8’, Init’, k’),
then &' <&, Init=Init', and k =k'.

Proof. Follows from Lemmas F.1, F.2, and F3 in Appendix F.1 and Proposition 4.13. O
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Table 7
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LREBES-semantics of Roll-CCSK.

froll ¥l =

{rolling Yy}, =

{of =
{[ay P} =

{lay [m].Py =

{Po | P1li =

((er, es}, {er, es}, =, >, A, Act), @, ) where:
ferf>er {esh—>es {es} > er, and {er} > es
es D> er and ey > e

roll y ife=e,
Ae) = . Act = {roll y, start roll y}
startroll y ife=es
(({er, es}, {er, es}, >, >, &, Act), {es}, ¥) where:
{er} —>er {es}—>es {es} > er, and {e;} > es
es > ey and ey D> s
Il ife=
Ale) = oly re=er Act = {roll y, start roll y}

" start roll y ife=e;
((0,0,0,8,8,8,9), 0, 0)
((E, F,+>, >, A, Act), Init, k) where:
{PY = ((Ep, Fp.+>p,>p, Ap, Actp), Init, k)
E=Ep U{ey} where e, fresh
Eo = Ap(e) € {roll y' |y’ is a tag} or

ol =1¢€ Lp(e) € {start roll y" | BB, n.B, orB,[n] occurs in oy, .P}
F=FpU{eq}
X>eif Xr>peor X={eq}, e Ep, and Ap(e) #roll y’
We define the set of roll events rolling back to e, as:
R={e|rp(e)=roll y and €' >p e = Ap(e’) = start roll y}
Xi>eif X={e},ore=ey and X=R,orec E,q and X+>p e,
ore¢Ep, {e}#X +—pe,and X=X UR
>=0>p U((E\ {er | Iy'.A(er) € {roll y’, start roll y'}}) x {ea})U
({ea} x RYU (R x (E\ R))
Act = Actp U {a}

ForalleeE, A(e) = Ar(@) %fe €Ep
if e=eqy
((E, F, >, >, A, Act), Init, k) where:
{ay Pl ={(E, F,i>, 1>, %, Act), Init', k')
{ea} ={e€E|r@) =a and BX CE.X > eq}
m ife=ey

Init = Init’ U k(e) =
nit = Init"U {ea } k(e) {k’(e) otherwise

((0,0,0,9,0,9,9),0, 0)

{[Pﬂ{b'a/&,?}]}Fl where A@, 7)=P4 and [ > 1
(Eo + &1, Init, k) where

For i € {0, 1}, {P;[; = (&, Init;, k;)

Init={(j, e) | j € {0,1} and e € Init;}

k(j,e) =kj(e) if e € Init;

((E, F,—~,r>, X, Act), Init, k) where:

{Pil; = (&, Initi, ki) and & = (E;, Fi, i, >, Ai, Act;) for i € {0, 1}

(Ex, Fx, b5, oy A, Acty) = Eol €4

Inity = {(ep, e1) | eo € Initg, e1 € Inity, ko(eo) = k1 (e1)}U

{(x. 1) | e1 € Inity, Beg € Initg.20(e0) = A1(e1), and ko(eg) = ki (e1)}U

{(e0, ) | e € Initg, ey € Inity.Ao(eo) = A1(e1), and ko(ep) =ki(e1)}
ecEyx, Ax(e) ¢ {roll y |y is atag}, X € cause(e)

Eaction = [(Xve) }

and Ve’ € X.3X’ € cause(e’). X' € X

Eoi ={elecE, and A, (e) € {roll y |y is a tag}}

E= Eaction 9] Eroll

Faction = {(X,e) € E |e € Fx} Frol = Evol N Fx F = Faction U Froll
We define mp and 77 such that for (X, (eg, e1)) € Eq, mi(X, (e0,€1)) =e;j,
and for (eg, e1) € Er, mi(ep,e1) =e;j

{(X,e)| X' € X} (X, (eg,e1)) if e’ € X’

X+ (e, eq) if there exists X’ such that X’ e and

X={e'| (mo(e'), m1(e")) € X'}

X e if X=1{e}, or

e=(eg,e1) and X ={e’ | (;mo(e’), w1 (e')) € X'} for some X'+ e, or
Ji€{0,1}, X; € Ei.Xi > mi(ex)

or 3¢/, € X'.X; > mi(e)

and e’ € X" iff ;i(e) € X;

e > e’* if there exists i € {0, 1} such that 7;(e) >; i (e')*, or
e#e,andee X+ ¢, or

mi(e) =mi(e')# L, and e #¢’, e* =¢’,or e’* #¢’ and e, e’ € Er
(continued on next page)

e=(X,ex)and X=J iX”
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Table 7 (continued)

Act = Actg U Acty U {t}
T if e= (X, (eo, 1))
Ae) = 'Ao(eg) if e = (X, (eo, *)) or e = (eg, *)
r(er) ife= (X, (x,e1)) or e=(x,e1)
Init={(X, e) | X U{e} C Inityx } U (Eron N Inity)
ko(ep) if e=(X, (eo, *))
k(e)={ki(er) ife=(X,(xe1))
ko(eg) if e= (X, (eg,e1)) - note thatko(eg) =kq(e1)
{P\ A} = (ETP(AUA), InitN p(AUA), k | p(AUA)) where {Pl; = (£, Init, k)

Example 7.5 (Recursion). Consider the process P =a,.A (a; y) with the recursive definition A(b; 8) = bs.(A (b; 8) | roll §) from
Example 6.7. Since we have recursion {P} would have an infinite number of events, but we can still get a reasonable idea of
what it would look like by only unfolding twice, giving us {P}}, = ((E, F,+, >), @, #). We name events after their labels and
their level of unfolding so that e.g. roll y:1 is the roll y-labelled event originating from the first unfolding of the recursion.

E=F ={a:0,a:1,a:2, startroll y:1, start roll y:2, roll y:1, roll y:2}

{aii}—>a:jfori<j rolly :ia:jfori<j

{a:i} > startroll y:jfori < j roll y:it>startroll y:jfori < j
{startroll y:i} > roll y :ifori e {1, 2} roll y:it>roll y:jfori# j

{roll y:i} > startroll y:i fori € {1, 2} ai>a:jfori> j

{roll y:i} > a:jfori <j a:i > roll y:ifori e {0, 1}
Api)=pn start roll y:i > roll y:i fori € {1, 2}

Act = {a, start roll y}

Obviously this can be extended to a greater level of unfolding by allowing i > 2.

In this case we deal with the issue of ensuring each rollback only rolls back to its most recent a, by using the set
{er | Ap(er) =roll y and e; € X > e = A(e) =start roll ¥} as the set of rollback events rolling back to «y, in the definition
of {[ay.P]}. This ensures that if the rollback event has found another y-tagged action in P then it will be causing that to
reverse and therefore not be in the set.

We then show that structurally congruent processes result in isomorphic event structures, for which we use Lemmas 7.6

to 7.11.
We first show that aside from rolls, we have causal consistency between events.

Lemma 7.6 (Causal consistency of actions). Given Roll-CCSK process P such that {P]} = (&, Init, k), for any events e, e/, ife € X > ¢’
and e’ e, then there exists y such that L(e’) € {roll y, start roll y}.

Proof. We prove this by structural induction on P in Appendix F2. O
We then show that, aside from rolls, causation is transitive.

Lemma 7.7 (Transitive causation). Given a Roll-CCSK process P such that {P} = ((E, F,—, >, A, Act), Init, k), whenever X — e €
X'+ €', we have X — ¢/, or there exists a y such that A(e’) =roll .

Proof. We prove this by structural induction on P in Appendix F.3. O

We then show that because we split actions into multiple events, each bundle associated with an action event only
contains one event.

Lemma 7.8 (Forwards bundles). Given a Roll-CCSK process P such that { P } = ((E, F,+—, >, A, Act), Init, k), whenever X + e, either
there exists e’ such that X = {e’}, or there exists a y such that i(e) =roll y.

Proof. We prove this by structural induction on P in Appendix F4. O

We then show a sort of reverse causality. If an event e’ causes e to reverse, then e’ prevents e. This means actions being
reversed as part of a rollback must wait for the rollback to be completed.

Lemma 7.9 (Reverse inverse causality). Given a Roll-CCSK process P with {P} = ((E, F,+>, >, A, Act), Init, k), whenevere’ € X — e
ande #e', we gete' >e.
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Proof. We prove this by structural induction on P in Appendix F5. O

We then show that the reversal of an event is associated with at most one bundle. This means no action needs multiple
rolls to be in progress before it can reverse.

Lemma 7.10 (Single backwards bundle). Given a Roll-CCSK process P such that {P]} = ((E, F,+—, >, A, Act), Init, k), for any event
e € F, there exists at most one bundle X + e such that X # {e}.

Proof. We prove this by structural induction on P in Appendix F.6. O

The final lemma we need for structural congruence says that if e’ causes an action event e then every rollback that
reverses e/ must also reverse e.

Lemma 7.11 (Reverse transitivity). Given a Roll-CCSK process P such that {P}} = ((E, F, >, >, A, Act), Init, k), whenever e’ € X > e,
X'+ ¢/, X" #{e'}, and A(e) = u, there must exist X" D X’ such that X" — e.

Proof. We prove this by structural induction on P in Appendix F.7. O

Having introduced these lemmas, we are ready to prove that structurally congruent processes generate isomorphic event
structures.

Proposition 7.12 (Structural Congruence). Given consistent roll-CCSK-processes P and P’, if P = P/, {P} = (&, Init, k), and {[P’]} =
(8’, Init’, k’>, then there exists an isomorphism f : £ — £’ such that f (Init) = Init’ and for all e € Init, k(e) = k'(f (e)).

Proof. We prove this by case analysis on the structural congruence rules. We use Lemmas 7.7, 7.8, 7.9, 710 and 7.11. The
full proof can be seen in Appendix F.8. O

We then prove, much like we did for our CCSK event structure semantics, that, as stated in Theorems 7.13 and 7.14, a

process P has a transition P K prif and only if P and P’ correspond to isomorphic event structures, and there exists a
j-labelled transition from the initial state of {P]} to the initial state of {[P’]}.

Theorem 7.13. Let P be a consistent roll-CCSK process. If {P}} = (£, Init, k);, £ = (E, F, >, >, A, Act), Cre(€) = (E, F,C, —), Initis
conflict-free, and there exists a transition P M b such that {P'} = (€. nit', k'), then there exists isomorphism f : £ — £’ and a

transition Init el X such that L(e) =, f ok’ =k U {(e,m)}, and f(X) = Init..

Proof. We prove this by induction on P plml P’ using Proposition 7.12 and Lemmas 7.7, 7.9, and 7.11. The full proof can be
seen in Appendix F9. O

Having shown that each forwards transition in the operational semantics corresponds to one in the generated event
structure, we now show the converse.

Theorem 7.14. Let P be a consistent roll-CCSK process. If {P}} = (£, Init, k), £ = (E, F,—~, >, A, Act), Cpr(£) = (E, F,C, —), Initis

conflict-free, and there exists a transition Init S XincC br(E) such that A(e) = [, then there exists a key m and a transition P M P/,
such that {P'[} = (€', Init', k') and there exists isomorphism f : € — &' such that f ok’ =k U {(e,m)} and f(X) = Init’.

Proof. We prove this by induction on P in Appendix F.10 using Lemma 7.6. O
We then prove the same correspondence for start roll transitions.

Proposition 7.15. Let P be a consistent roll-CCSK process. If {P]} = (£, Init, k), € = (E, F,+, >, A, Act), Cre(€) = (E, F,C, —), Init

: . . ‘s start roll . o .
is conflict-free, and there exists a transition P S, P’ such that {rP'}= (8/, Init’, k/), then there exist isomorphisms f : £ — &’

and g : &' — & and a transition Init e, X such that A(e) =startroll y, f ok’ =k U {(e, m)}, and f(X) = Init’.

Proof. Similar to the proof of Theorem 7.13. O
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Proposition 7.16. Let P be a consistent roll-CCSK process. If {P]} = (£, Init, k), £ = (E, F,+, >, A, Act), Cp () = (E, F,C, —), Init
is conflict-free, and there exists a transition Init & Xinc br(E) such that L(e) = start roll y, then there exists a key m and a transition

Santrly, P/, such that {P']} = <5’, Init’, k’) and there exist isomorphisms f : £ — £ and g: &' — & such that f ok’ =k U {(e, m)}
and f(X) = Init.

Proof. Similar to the proof of Theorem 7.14. O

We finally need to prove that P can do a roll y transition if and only if the event structure generated by P can do a roll y-
labelled event followed by reversing all the events corresponding to actions and start roll's with tags causally dependent on
y and then undoing roll y. For this we need Lemmas 7.17 to 7.21.

Lemma 7.17 states that all rolls are in conflict.

Lemma 7.17. Let P be a roll-CCSK process with {P}} = ((E, F,+—, >, A, Act), Init, k). Given events e, ¢’ € E such that e # e’ and there
exist tags v, y’ such that A(e) =roll y and A(e’) =roll y’ we gete > €.

Proof. It is obvious from the syntax of Roll-CCSK that e and e’ come from parallel subprocesses or different branches of a
choice, and the result follows from the parallel composition and choice rules of Table 7. O

Lemma 7.18 states that reversal of actions and rollback initiations are only caused by rollbacks.

Lemma 7.18. Let P be a roll-CCSK process. If {P} = ((E, F,+, >, A, Act), Init, k) and e € E where there does not exist y such that
A(e) = roll y. Then whenever X +— e, either X = {e} or for all e’ € X, there does not exist y’ such that »(e’) =roll y’.

Proof. Obvious in most cases. In parallel composition we use the fact that we never have e” € X” — e”” where there does
not exist y” such that A(e”)=roll y”. O

Lemma 7.19 states that if an event e’ in the initial state of a process prevents another event e in the initial state from
reversing, then the key of e must have caused the key of e’.

Lemma 7.19. Let P be a roll-CCSK process. If {P} = ((E, F,+>, >, A, Act), Init, k) and e, e’ € Init then e’ > e if and only ifk(e) <p k(e’).
Proof. We prove this by induction on P. It is trivial in all cases except P = ayr [n].P’ and P = Py | P;.
e Suppose P =a,[n].P’. Then if e’ > e either e = e, or the result follows from induction and the fact that e € Init means
there does not exist y” such that A(e) =roll y”. If e = e, then e’ > e unless A(e’) € {start roll ¥’,roll y} for some y.

e Suppose P = Pg | P1. Then there exists i € {0, 1} such that either 7;(e’) >; i (e) or mi(e") = m;(e). If wj(e’) >; wi(e) then
the result follows from induction, and if j(e’) = ;(e) then that contradicts e, e’ € Init. O

We now need a function, N(e), to give us the key an event e labelled with an initiated rollback roll y is rolling back to
in Definition 7.20. We prove that N finds such a key in Lemma 7.21.

Definition 7.20 (N). Let P be a Roll-CCSK process with {P} = (&, Init,k) and £ = (E, F,—, >, A, Act). We define a partial

function N on events such that for an event e € E, N(e) =roll n if (1) A(e) =roll y, (2) Init 5, (3) for any key m, we have
m >p n if and only if there exists an event e’ € Init such that k(¢’) =m and X C E such that X — ¢’ and e € X. Otherwise
N(e) is undefined.

Lemma 7.21. Let P be a consistent forwards-reachable roll-CCSK process such that {P}} = (£, Init, k) and € = (E, F,—, >, A, Act),
then:

1. Let e € E be an event such that A(e) = roll y and Init . Then N(e) is defined and unique.

I . .
2. Let P =% Then there exists a unique e € E such that N(e) = roll n.

Proof. 1. By Theorems 7.13 and 7.14 any key m occurs in P if and only if it occurs in k(Init) and given e, e’ € Init, e € X > €’
if and only if k(e) <p k(e’). The rest follows from Lemma 7.11.

2. Since P is consistent and forwards-reachable, exactly one «y [n] must occur somewhere in P and by Theorems 7.13
and 7.14, we have e’ € E such that A(¢’) =« and k(e’) =n. Then we say that e is the event such that A(e) =roll y and
by similar logic to the first part, N(e) = A(e) = roll n. To prove uniqueness, we only need to show that in the subprocess
ay[n].P" of P, no other such e’ exists. This follows from the definition of R in {Iay[n].P’]} in Table 7 and the consistency
of P. O
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With these lemmas and definitions introduced, we will now prove Theorems 7.22 and 7.23. These state that a process P
can do roll y if and only if the REBES generated by P can do a roll y event, followed by undoing all the events corresponding
to actions P rolled back, and then reverse the roll y event.

roll n
Theorem 7.22. Let P be a roll-CCSK process such that {P]} = (€, Init, k). Whenever P ™~ P/, there exist e and ey, e1, . .. ey such that

{eo} {en}
Init < Xo—> Xp--r —> Xn41 o Xgone, N(e) =rolln, {eg, €1, ...ex} ={e’ |n <p k(e")}, {P'}} = (£, Init', k'), and there exists an

isomorphism f : £ — &’ such that f(Xgone) = Init'.

roll n
Proof. We prove this through induction on the derivation of P " P’ using Lemmas 7.6, 7.10, 7.11, 7.17, and 7.18, Propo-
sition 7.12 and 7.19, Theorem 7.13. The full proof can be seen in Appendix F11. O

Having shown that each rollback transition in the operational semantics corresponds to a sequence of transitions in the
generated event structure, we now show the converse.

, feo} fen) fer)

Theorem 7.23. Let P be a consistent roll-CCSK process such that {P[} = (£, Init, k). Whenever Init H Xo = X1+ = Xp41 —>
roll n

Xdone, We have a transition P~ P’, such that N(e;) =rolin, {eq, 1, ...ex} = {e’ |n <p k(e)}, {P'} = (&', Init’, k'), and there exists

an isomorphism f : £ — &’ such that f(Xgone) = Init’.

Proof. Follows from Theorem 7.13 and Proposition 712 O

We have now proved an operational correspondence between the operational semantics presented in Section 6 and the
denotational event structure semantics presented in this section. In particular, we have shown that using non-causal event
structures lets us model a control operator.

8. Conclusion

We have defined a reversible variant of bundle event structures and a category using these as objects, and used a causal
subcategory of this to describe event structure semantics of uncontrolled CCSK, the first event structure semantics of a
reversible calculus that we are aware of. We chose to use CCSK for this purpose because the way CCSK records previous
actions preserves the structure of the process, meaning we can use very similar semantics for previous and future actions.

Unlike previous efforts to describe truly concurrent semantics of a reversible process calculus such as the one using rigid
families [8], we have generated both the event structure and the initial state directly from the process, rather than needing
to first undo previous actions to get the original process and from there the event structure, and then redo the actions
to get the initial state. This was made easier by CCSK using static reversibility, since we did not have to combine events
generated separately from a memory and a process. Our event structure semantics has shown that the same process at
different points in its execution will generate isomorphic event structures with different initial states.

We have also proposed a variant of CCSK called Roll-CCSK, which uses the rollback described in [17] to control its
reversibility. We have given two semantics for this calculus, one in which the entire roll is completed in one step, and
one in which each action being rolled back takes a step. We have proved an operational correspondence between these
semantics. We have defined a reversible variant of extended bundle event structures, which add asymmetric conflict to
bundle event structures, and a category using these as objects, and used non-causal variants of these to define the event
structure semantics of Roll-CCSK. Using event structures with non-causal reversibility allows us to treat rolls as normal
events where the process a, .roll y has the event a;, cause the event roll y, and at the same time a, prevents roll y from
reversing.

We have proved operational correspondence between the operational and event structure semantics of both CCSK (The-
orems 4.18 and 4.19) and Roll-CCSK (Theorems 7.13, 7.14, 7.22, and 7.23).

Another common way to control reversibility is by commit or irreversible actions, introduced for reversible CCS in [10].
These are used to denote a safe state which the process cannot reverse past. As such they function as a dual of the rollback,
which ensures the process will reverse when hitting a fail state. Irreversible actions are simple to add to event structure
semantics of CCSK by making the corresponding events irreversible, but would be more challenging to add to Roll-CCSK due
to potentially having events which are irreversible but also required to reverse in order to finish a roll. We chose to focus
on rollback since, as pointed out in [17], rollback gives the programmer more control than commit and more closely models
system recovery techniques.

Future work. There exist many other reversible calculi which one might want to define event structure semantics for, most
of which deal with previous actions by putting them into separate memories, rather than annotating them and keeping
them in the process as CCSK does. This will likely make defining event structure semantics more challenging, particularly
if trying to avoid defining the event structure corresponding to the fully reversed process first and then finding the action
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which have already been performed. Having event structure semantics of multiple calculi would allow us to reason about
them and compare them.
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Appendix A. Relating RBES to other categories of reversible event structures

In this appendix we recall the categories of reversible prime and stable event structures and describe how they relate to
the category RBES defined in Section 3.2.

Definition A.1 (RPES [27]). A reversible prime event structure (RPES) is a sextuple £ = (E, F, <, #f, <,>) where E is the set
of events, F C E is the set of reversible events, and

< CE x (EUF) is an irreflexive partial order such that for every e € E, {¢’ € E | ¢/ < e} is finite and conflict-free;

#t C E x E is irreflexive and symmetric such that if e < e’ then not e ft e’;

> C E x F is the prevention relation;

< CE x F is the reverse causality relation where for each e € F, e <e and {e’ | ¢/ < e} is finite and conflict-free and if
e < e then not e > ¢’;

e f is hereditary with respect to sustained causation « and « is transitive, where e < ¢’ means that e < e’ and if e € F
then e’ > e.

Definition A.2 (RPES morphism [15]). Let &y = (Eg, Fo, <o, flo, <0, >0) and & = (E1, F1, <1, 1, <1, >>1) be RPESs. A morphism
f:& — & is a partial function f: Eg — Eq such that

for all e € Eg, if f(e) # L then {e1 |e1 <1 f(e)} S {f(e) e <pe};

for all e,e’ € Eg, if f(e) # L # f(e’) and f(e) 1 f(e’) then e fip €’;

for all e € Fo, if f(e) # L then {e1 | e1 <1 f(e)} S{f(e') | e’ <oe};

for all e € Eg and e’ € Fo, if f(e) # L # f(e') and f(e) >1 f(¢)) then e>p¢’;
for all e, e’ € Eg, if f(e) = f(e')# L and e #¢’ then e fige’;

f(Fo) C Fy.

Definition A.3 (RPES to RBES). The functor B, : RPES — RBES is defined as:

1. B;((E,F,<.,#,<,>))=(E,F,~,f,>), where {¢} > e if e’ <e and {e'} > e if e/ <e¢;

2. Br(f):f~

Definition A.4 (SRES [15]). A stable reversible event structure (SRES) is a triple £ = (E, F, Con,}) where E is the set of
events, Con Cgp 2F is the consistency relation, which is left-closed, - € Con x 2F x (E UE) is the enabling relation, and

Lif XQYFe* then (XU{ehNY =0,

.if XOYHkethenecX;

LifXOQYRe*, XS X eCon,and X'NY =0 then X' QY Fe*;
LifXOYRe*, X' OY' Fe*, and XUX +e*cConthen XNX' ©YNY' Fe*.

A WN

Definition A.5 (SRES morphism [15]). Let (Eg, Cong, o) and (E1, Cony, 1) be two SRESs. A morphism f : (Eg, Cong, o) —
(E1,Conq, k1) is a partial function f : Eg — E1 such that:

e for all e € Eg, if f(e) # L and X © Y I e* then there exists a Y; C E; such that for all eg € Eo, if f(eg) € Y1 then
eoeY and f(X) QO Y1kt f(e)*;

e for any X € Cong, f(Xp) € Cony;

o forall e,e’ € Eg, if f(e) = f(e') # L and e # ¢’ then no X € Cong exists such that e, e’ € X.
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Definition A.6 (FCRBES to SRES). The functor Ej, : FCRBES — SRES is defined as:

1. Ey((E, F,+>,t,>)) = (E, F,Con, ) where

(a) Con is the set of finite conflict-free subsets of E;

(b) Foree E, X © ¥ e if XU{e} e Con and for all X’ C E such that X" e, X' N X #£;

(c) Foree F, XO Y ke if XeCon, for all X’ CE such that X'+>e, X’ NX#@, Y={e'|e'>e},and Y N X =0;
2. Ep(f)=f.

Proposition A.7. Given a FCRBES £ = (E, F,+, §, I>), we have that E,(€) is an SRES.

Proof. We prove the conditions of Definition A.4.

1L.If XQYHke then Y=¢ and therefore (XUf{e})) NY =0. If XOYHFe then YN X =0 and e € X, and therefore
(XUfe)ny =a.

2. If X©Y e then {e} — e and therefore {e}N X #¢¥ and e € X.

fFXQYe*, XS X e€Con, and X' NY =@ then for all X" e*, XN X’ # @, and therefore X' Q Y I e*.

4 IfXQYFe* XX QY Fe* and XU X' 4 e* € Con then, Y =Y’, XU X’ is conflict-free, meaning there must exist an
X" C (XN X’) such that for all X"’ — e*, we have X" N X" #@. This means XNX' O YNY'Fe* O

w

Appendix B. Proofs from Section 3
B.1. Proof of Proposition 3.10

Proof. We first show that my and 711 are morphisms:

1. If mi(e) i 7i(e’), then obviously e fe’.
2. If wi(e) = mi(e’) and e # ¢/, then 71_;(e) # mwq1_i(e’), and therefore e f e'.
3. If Xj — mj(e), then {€/ € E | wi(e’) € X;} — e. Clearly m;({e’ € E | wi(e') € X;}) = X;j, and for all ¢’ € {¢’ € E | wi(e)) € X;}),
mi(e’) # L.
4. If X is a configuration of & x &1, then we show that 7;(X) satisfies the requirements of a configuration of &;:
(a) As shown above ;(e) i (') = e f e/, which means that X conflict-free implies 7;(X) conflict-free.
(b) If there exists a sequence ey, ..., e, such that X ={eq,...,ep} and forall j, 1 < j<n,if Y~ ejq then {er,...,e;}N
Y # 0, then m;(X) = {mi(e1), ..., mwi(en)} and if mi(ejy1) # L, then whenever Y; — mi(ej11), {¢' € E | mi(e)) € Yi} —
ejy1, meaning {¢’ € E | mi(e') € Yi} N{e1, ..., ej} # O. Therefore, we must get Y; N {m;(e1),...,mi(ej)} #mi () =9.

We then show that for any BES, & = (Ea, 2, l2), if there exist morphisms fo: & — & and f1 : E; — &1, then there
exists a unique morphism f :& — &, such that mpo f = fp and 71 0 f = f7.
Clearly f(e) = (fo(e), f1(e)) is the only partial function for which this commutes, so we prove it to be a morphism:

1. If f(e) &t f(e) then there exists i € {0, 1} such that either 7z;(f(e)) #; ;i (f(e)), in which case clearly fi(e) f; fi(e');, and
therefore e i €/, or 7;(f(e)) =mi(f(e)) # L and m1_;i(f(e)) # m1_i(f(€e’)), in which case fi(e) = fi(e’) # L, and e # ¢/,
meaning e i, e’.

2. If f(e) = f(e') # L then fo(e) = fo(e') # L or fi(e) = fi(e’) # L, meaning if e # ¢’ then e i3 €.

3. For X CE, if X — f(e), then there exists i € {0, 1} and X; C E; such that X; — mj(e) and X = {e’ € E | w;j(e’) € X;}. And
since X; — fi(e), there exists X C E, such that Xo >3 e, fi(X2) C Xj, and if e’ € X5 then fij(e’) # L. Clearly f(X3) C X.

4. If X is a configuration of &, then we show that f(X) satisfies the requirements of a configuration of & x &;:

(a) As shown above, if f(e) # f(e'), then e i, e/, meaning if X is conflict-free, then f(X) is conflict-free.

(b) If there exists a sequence ey, ..., e, such that X ={eq,...,ep} and forall j, 1 < j<n,if Y~ ejq then {er,...,e;}N
Y #¢, then f(X)={f(e1),..., f(en)} and if f(ej4+1) # L, then whenever Y'+— f(ej11), {e'€E| f(e) €Y'} > eji1,
meaning {e’' € E | f(e') e Y'}N{e1, ..., e} # . Therefore, we must get Y'N{f(e1),..., fep)} # f®W) =0. O

B.2. Proof of Proposition 3.13

Proof. Obviously £ is a BES, and ¢y and ¢; are morphisms, so we simply need to prove that if there exists a BES & =
(E3, 2, f12) and morphisms fo: & — & and f1: &1 — &>, then there exists a unique BES morphism f : £ — &, such that
the following commutes:
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Clearly the only partial function for which this could hold is f(j,e) = fj(e), so we prove it to be a morphism:

o If f(e) iz f(e') then e = (j,ej), e =(j’,ej) fj(ej) = f(e), fy(ej) = f(e'), and either j+# j' or j=j.If j# j, then
obviously eie’. If j=j’, then fj(ej) #2 fj(ej), meaning e; f; e, and therefore e f e’.

o If f(e)= f(e') # L then e=(j,e;) and e’ = (j',ej) and fj(e;) = f(e) = f(e') = fy(ej).
If j=j’' then e 5 ¢’ means that e # e, which means that e; fj e; and therefore e g e’.
If j# j/, then by definition e f e’.

e If Xo— f(e), then e = (j, ej), and there exists X; such that X;—je;, fj(X;) € X2, and if e € X; then f;(e) # L. This
means {(J, e;.) | e/j eXjte, f({(j,e) | e;. € X;}) € X, and if € € {(j, e;) | e/j € Xj} then e’ # L.

The diagram obviously commutes. 0O
B.3. Proof of Proposition 3.30

Definition B.1 (CS morphism). Let Cyp = (Eg, Fo, Co, —0) and C; = (Eq, F1, C1, —1) be configuration systems. A CS morphism
is a partial function f : Eg — E7 such that

1. for any X € Co, f(X) € Cq;
FAUS(B)

A
2. for any X,Y € Cyp, AC Ep, and B C Fy, if X LE)@ Y and f(AUB) # ) then f(X) ————1 f(Y);
3. for all eq, ej) € Eo, if f(eg) = f(ep) # L and eq # e;, then there exists no X € Cg such that eg, ej, € X.

Proof. We first show that if £ = (E, F, >, f, >) is an RBES, then Cy,(£) = (E, F,C, —) is a CS, as defined in Definition 3.28,
AUB
meaning that for X,Y €C, ACE,and BCF, if X — Y, then:

1. ANX=0,BCXNF,and Y =(X\ B)UA by definition.
, . . A'UB' (A\AHU(B\B)
2. Forall A €A and BB CB, (X\B)UA=Z¢eC because ZC XUA €C. Moreover X —— Z and Z ———— Y

obviously fulfil the conditions for transitions.

We then show that if f: &y — &£ is an RBES morphism then f : Cp(E9) — Cpr(E7) is a CS morphism satisfying the condi-
tions of Definition B.1:

1. Suppose X € Co. Then X is conflict-free. Since, by definition of an RBES morphism, f(eo) fi1 f(ep) = eo fo ep, this
implies that f(X) is conflict-free, and therefore f(X) € C;.

A A
2. Suppose X L%o Y. Then f(X) wn f(Y) because:

@) f(X), f(Y) e Cq since X,Y € Cy, as implied by item 1.

(b) FY)=(FX)\ f(B) U f(A) since Y = (X \ B) U A.

(c) f(A)N f(X) =49 since AN X =0, and by definition of an RBES morphism, for all eq, e € Eo, if f(eq) = f(ep) # L
and eg # e then eq fig e, implying ep, e ¢ (XU A) =Y € Co, since Y is conflict-free.

(d) f(B) < f(X) since B C.

(e) f(X)U f(A) is conflict-free because X U A is conflict-free and f (eg) fi1 f(eé)) = ep to eg.

(f) For all e € B, if ¢/ > e then e’ ¢ X U A.

(g) For all ey € f(B), if e} >1 ey then e} ¢ f(X) U f(A) because for any eq € B, e; € Eg such that f(ep) =e; and
f(ep) =€’ we have ej > eg and therefore e ¢ X U A.

(h) For all e; € f(A) and Xy C Eq, if X1 —1eq then X1 N (f(X)\ f(B)) # @ because then there exists eg and Xg
such that f(eg) =e1, Xo o eo, f(Xo) C X1, and if ej € Xo then f(ep) # L. Therefore, Xo N (X \ B) # @, and
FX) N (O f(B)) #0.

(i) For all e7 € f(B) and X1 C Eq, if X1 +1e1 then X1 N (f(X)1\ (f(B)\ {e1})) # ¥ for similar reasons to the previous
condition. o

(j) For every a€ f(A), {e€ Eq1|e <1 f(a)} C f(X) because for every ag € A, {e € Eg | e <p ap} C X, and by definition of
a PES morphism, {e1 | e1 <1 f(ao)} € {f(e) | e <o ao}.
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3. Suppose f(eo) = f(ep) # L and eq # e;. By definition of an RBES morphism, e fp e, and since all X € Co are conflict-
free, there exists no X € Cg such that eg, e, € X.

Then to prove it is a functor we simply need to show that:

Cbr(f . 51 —> 52) = Cbr(f) . Cbr(gl) g Cbr(gz), which is obvious since Cb,»(f) = f, Cbr(EO) = Eo, and Cbr(El) = El.
Cor(1g) =1¢,, (&) since the identity function for all RBES and CS objects is f(e) =e.
Cor(f o f') = Cor(f) o Cpr(f") since Cpr(f) = f and Cpr (f) = f'. O

Appendix C. Proofs from Section 4

C.1. Proof of Theorem 4.18

Proof. We say that &' = (E’, F/,~', 1, >/, 1/, Act') and the inverse of f is g:& — £. We prove the theorem by inductions
on P ﬂm—L P’ using the forwards semantics seen in Table 1 and describing how £ and £’ are constructed:

e Suppose P =«.Q, P'=«a[m].Q, u =«, and std(Q). Then there exist £¢ and ey such that:
- {Q}=(&q. Init, k),
- &g =(Eq,Fq,q,flq,>q,rq,Actp),
-ey¢Eq,

E=Eq U{eq},

F=Fq Ul{eq},

- X—=e*if Xi>ge*or X={ey} and e* =ec Egq,

- t=1Hq,

>=0>q U(Eq x {ea}),

Act = Actq U {a},

)»Q (e) ifee EQ

ife=ey '
- and if Init# ¢ then for all e € E, {e} e and for allee F,e>e.
There also exist £, and e;, such that:

- 1Q'}= (5. ity . Kg),
- &’ is constructed similarly to &,
- Init' = Init’Q U{e,},

- foralleeE, A(e) =

k’Q (e) Ifee Init’Q .
Ife=e],
As £g and S/Q have been generated by the same process, we have isomorphisms fq : £q — Sb and gq :S/Q —&q.
We say that f = fo U{(eq,e,)} and g = gq U{(e),, eq)}. These are obviously isomorphisms.
Since Init is conflict-free and § =1fg, X = InitU {e,} is conflict-free, and therefore a configuration of Cy(£). And since

no X' C E exists such that X' — ey, we get Init ﬂ {eq}, and clearly A(ey) = and k(f(e)) =m.

e Suppose that P =«[n].Q, P’ =«a[n].Q’, Q ﬂ Q’, and m # n. Then there exist g, Initg, kq, eq, 56, Init/Q, k’Q, and

e;, similar to the previous case.

- and k' (e) =

By induction, we get isomorphisms fq : £q — 5{2 and gq :E/Q — &g and a transition Initg ﬂ) Xq in Cp(Eq) such
that 1q (e) = 1, k/Q(fQ (e))=m, and fq(Xq) = Init’Q.
We define f = fq U{(eq,€,)} and g = gq U{(e,,, ex)}. Since Initg and Xq are conflict-free in g, Initg U{ey} = Init and

Xq U{eq} = X are configurations of C,,(€), and clearly Init ﬁ X.

e Suppose P=Q |R, PP=Q’|R, Q LN Q’, and fsh[m](R). Then there exist £o and Eg such that:

- {IQ]}:(fQ,InitQ,kQ>,

- o =(Eqg.,Fq,—~q.fq.>q,Arq,Actp),

- {[R]}:(gR,lnitR,kR),

- Er = (ER, FR, =R, iR, >R, AR, Actg),

E={(e,*)|e€Eq}U{(x,e)|ecEr}U{(e,e’)|e€Eq,e € Eg, g (e) =Ar(e")},
F={(e,x)|e€Fq}lU{(x,e)|ec FR}U{(e,e') |e € Fq,e € Fg, ko(e) =2r1(e")},

- there exist wq and 7y such that 7;(eq,egr) =e; for i € {Q, R},

X > e* if there exists i € {Q, R} and X; C E; such that X; —; mj(e) and X = {¢’ € E | wj(¢) € Xi},
e ft e’ if there exists i € {Q, R} such that 7;(e) #; i (e’) or mi(e) =mi(e’) # L,

e > ¢’ if there exists i € {Q, R} such that mj(e) >>; wi(e),
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- Act=Actq UActp U {T},
T ife=(eq.er)
- AMe)=1Xrqg(eq) ife=(eq,%) ,
Al(eR) ife:(*,eR)
- Init={(eq.eR) | eq € Initg, eg € Initg, kg (eq) = kr(er)} U {(eq,*) | eq € Initg and Feg € Initg.Aq (eq) = Ar(eg) and
kg (eq) =kr(er)} U {(x,er) | er € Initg and iﬂeQ € lnitg.Aq (eq) = Ar(er) and kq (eq) =kgr(er)},
kq(eq) Ife=(eq,*)
- and k(e) = { kr(egr) If e = (x,eg)
kQ(EQ) lfe:(eQ,eR)
We also have (&', Init',k’) constructed similarly from some <8/Q Inity , k/Q> and (&, Inity, k) such that {Q'f} =
(€4 nity . ki) and (R} = (<. Inity. k).
We clearly have isomorphisms fq : o — Eq'. 80 :E/Q — &g, fr:Er — &, and gg : & — & and a transition

Initq %% Xq of Cry(Eq) such that Aq () = i, Ky (fo (eq)) =m, and fo (Xq) = it

eq.
Since Init is conflict-free and Xq is conflict-free in £q, clearly InitU {(eq, %)} = X is conflict-free, and Init M X.
We define our isomorphisms as

(fo(e),*) ife= (e, %)
fe) =1, fre)) ife=(x,¢)
(fo(e), fr(e")) ife=(e,e")

and
(gq (), %) ife= (e, %)

g(e) = (x, gr(e)) ife=(x¢)
(gq (e, gr(e”)) ife=(e,e")

And, since fsh[m](R), f(X) = Init". The rest of the proof is straightforward.

Suppose P=Q |R, PP=Q’'|R/, Q alml, Q' R alml, R’, and pu = 7. Then we have (&, Init, k) constructed from {QJ} =
(Eq.Initg , kg ) and {R} = (Er, Initg, kg) and (€', Init, k') constructed from {Q ]} = (S’Q Init’Q,k’Q> and {R'}} = (&, Inity, Ky)
as in the previous case.

By induction, we have isomorphisms fq : £q — S’Q, gaq :S’Q — &q, fr:Er — &, and gr : Eg — £ and transitions

. leq} " . fer}
Initg ——> Xq_of Cip(Eq) such that Aq () = &, ky (fo (eq)) =m, and fq (Xo) =1nity, and Initg 8L Xg of Crp(ER) such
that Ag(e) =, kr/ (fr(er)) =m, and fr(Xg) = Initg:.
We define our isomorphisms as

(fo(e), ) ife= (e, %)
fe) =1, fre)) ife=(x,¢)
(fo(e), fr(e") ife=(e,e")
and
(gq(€), %) ife=(e,%)

g(e) =1 (x, gr(e")) ife=(x,¢)
(gq (e, gr(e")) ife=(e,e")

We know that Init, Xq, and Xk are conflict-free, so the only way InitU {(eq,eg)} has conflict is if Initg or Initg an event
with the key m, which we know from Lemma 5.2 of [26] is not possible. The rest of the proof is straightforward.

Suppose P=Q +R, PP=Q'+R, Q M Q’, and std(R). Then there exist £ and &g such that:

- {Qb=(&q. Initq . kq).

- & =(Eq.Fq.>q.fo.>q. *q. Actg),

- {R} = (&Er, Initg, kg),

- &g = (ER, Fr, =R, iR, >R, AR, Actg),

- E=Eq UEg,

- F=Fq UFg,

- X+ e* if there exists i € {Q, R} such that X +>; e*,
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C2.

- #=1q Utr U (Eq x Er) U (Eg x Eq),
-D>=>qgUD>RU(EqQ XE)U(ER x Fq),

Act = Actg U Actg, T

forallec E, i€ {Q,R}, A(e) =rj(e) if e € Ej,

Init = Initg U Initg,

- for i € {Q, R}, k(e) =kj(e) if e € Init;,

- if Initg # @ and Initg # ¥ then for alle € E, {e} > e and for all e F, e>e.

We also have (5/, Init/,k/> constructed similarly from some <56,Init’Q,k/Q> and <S§,Initk,kk> such that {[Q/]} =
(€4 nit . ki) and {RY = (& Inity. k).

We clearly have isomorphisms fq : £q — 5{1. gq 156 — &g, fr:Er — &, and gg : £ — &g and a transition Initg e

X of C;p(Eq) such that Lqg (e) =, k’Q(fQ (e)) =m, and f(X)= Init/Q. We define our isomorphisms

) fa(e) ifecEq
re= fr(e) ifeeEg
and
_Jgq(e) ifee E’Q
g = gre) ifeeE}

Since std(R), Initg =@, and therefore Init = Initq, which is conflict-free end therefore a configuration. Obviously Init ﬂ X

in C;p(E), and the rest follows.

Suppose P=Q \ A, PP=Q'\ A, Q ﬂ Q’, and p ¢ AUA. Then there exists Eq such that:
- {IQ]}:(SQ,InitQ,kQ> _

-E=E lelrqle) ¢ AUA}

= Init=1Initg N{e|Xq(e) ¢ AU A}

- k=kq [{elrq(e) ¢ AUA}

And there exists 5{2 such that:

- {Q'h=(gy. ity Ky )
-&=& r{e|NQ(e)¢AuK}

- Init' = Init’Q N{e| )L’Q (e) ¢ AU A}
- K =kj [{e|Xy(e)¢ AUA)

By inductions we have isomorphisms fq : £q — &, and g: &, — &g and a transition Initq teal Xq or Crb(SQ_) such
that Aq (e) = u, k’Q(fQ (eq)) =m, and fq(Xq) = Init’Q. We define our isomorphisms as fq | {e | A’Q (e) ¢ AU A} and
gq [{el )JQ (e) ¢ AU A}. And since A(e) ¢ AU A, the rest of the proof is straightforward.

v[m]

Suppose P=Q[f'], P’=Q’[f'], Q — Q’, and f’(v) = p. Then there exist Aq and Actg such that:

- {Q}={(E, F,>, 2,1, 1q, Acto), Init, k),

- Act= f'(Actq)

—and A= f'oAq.

And there exist )JQ and Act’Q such that

- {IQ/I}:((EC F/o' 0, >/ 3y, Acty ), Init/,k/),

- Act' = f’ (Act/Q)

- and )»:f/o)\'Q.

By induction, we get isomorphisms fq : £q — S/Q and gq :S/Q — &g and a transition Init ﬂ X in Crp(Eq) such that
rg(e)=v, kK'(f'(e)) =m, and f(X) = Init'. We define our isomorphisms f = fo and g = gq, and the rest of the proof

is straightforward.

Suppose P=Q, P’=Q’, and Q M) Q’. Then the result follows from induction and Proposition 4.15. O

Proof of Theorem 4.19

Proof. We say that &' = (E/, F/, ', #/,>/, A/, Act') and the inverse of f is g:& — &, and prove the theorem by induction
on P.

Suppose P =0. Then E =@, and obviously no transitions exist in Cp,(£).
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e Suppose P =«.Q. Then {ey} > €’ for all e’ € E \ {ey}, meaning by definition e = e,. In addition, since P is reachable,

clearly std(P) meaning Init = . This means we get P 2dm o[m].Q for some fresh m, and the isomorphisms are similar
to this case in the proof of Theorem 4.18.
e Suppose P =«[n].Q and {Q}} = <€Q, InitQ,kQ>. Then ey € Init, and clearly Initg N Xq, meaning there exists a key

A(e)[m]
_—

m and a transition Q Q’, such that {[Q/]} = <Sé2 Init/Q,k/Q> and there exist isomorphisms fq : £q — 5{2 and

go :822 — &q such that k’Q (fo(e)) =m and fq(Xq) = Init’Q. If m #n, then P Heyml a[m].P/Q. Otherwise, we can

chose a fresh m and still get a transition. We define our isomorphisms as f = fo U{(eq,€,)} and g =gq U{(e,, ex)}
and the rest of the proof is straightforward.
e Suppose P = Po + Pi, {Po} = (&o,Inito,ko), Cp (&) = (Eo,Fo,Co,—0), {P1} = (&1,Inity,kq), and

Cpr(E1) = (E1, F1,Cq, —1). Then either Inity im Xo and Init; =@, or Inity i)] X1 and Initg = .

. i Y _ )
If Inity —o Xo, then there exists a key m and a transition Py Jo(E)m], P{, such that {P(} = (€5, Inity, k) and there exist

isomorphisms fo: & — & and go : £ — £ such that ki(fo(e)) =m and fo(Xo) = Inity. Then, since Init; = ¢ means

std(P), P 2etml, Py + P1, and the isomorphisms are similar to this case in the proof of Theorem 4.18.

If Inity £>1 X1, then the proof is similar.

e Suppose P = Pg | Pt and we have {Po} = (&, Inito,ko), & = (Eo, Fo, 0, o, >0, 20, Actg), Cpr(E0) =
(Eo, Fo,Co, —0), {P1]} = (&1, Inity, k1), €1 = (E1, F1, 1,81, >1, A1, Acty), and Cpr(€1) = (E1, F1, C1, —1). Then either
e = (eo, *), e = (x,e1), or e = (ep, €1).
If e = (eo, %), then whenever X{ g eo, we get {¢' € E | mo(e’) € X} — e. And whenever mo(e’) fio o (e), we get e’
e. This means Inityp is conflict-free, o(X) is conflict-free, and Initg 30 7o(X). There therefore exists a key m and a

" ! _ o .
transition Pg Ao(eo)lml, Pg, such that {Pyf} = (£], Inity, ki) and there exist isomorphisms fo: Eg — & and go : £ — &

such that kj(fo(eo)) =m and fo(o(X)) = Init;,.

Ao (eo)[m]

We chose an m, which is fresh for P1, and we get P Py | P1. We define our isomorphisms

(folep),®)  ife’ = (e, %)
feh)=1e) ife’ = (x,e})
(fo(eg).e}) ife’ = (eg, e)

and

(8o(ep), ) ife’ = (ey, %)
g(e) = (x.¢€) if e’ = (x, e})
(8o(ep), e)) ife’ = (e, e))
Since &' = & x &1, these are isomorphisms, and the rest of the case is straightforward.
If e = (eg, *), the argument is similar.
If e = (eq, 1), then for i € {0, 1}, whenever X]—;e;, we get {¢’ € E | mi(e’) € X/} = e. And whenever m;(e’) #o 7i(e), we
get e’ t e. This means Init; is conflict-free, 7;(X) is conflict-free, and Init; ﬂn 7i(X). There therefore exists a key m; and

AiCelmi], P}, such that {P/}} = (&/, Init/, k) and there exist isomorphisms f; : £ — &/ and g; : &/ — &; such

a transition P; i ki

that ki(fi(e;)) =m; and f;(7;(X)) = Initg,.

. . —_— A
We say that mg =my is a fresh m, and then since Ag(eg) = A1(e1) and A(e) = T, we get P m Py | P}. We define our

isomorphisms

(folep). %) ife’ = (ef. %)
fe) =1 fie)) ife’ = (x, e})
(folep), f1(e})) ife’ = (ep, €})

and
(8o(ep), ) ife’ = (ep, %)

g(e") =1 (x,81(e))) ife’ = (x,e})
(goley), g1(e})) ife’ = (ep, €))

Since £ = &) x &, these are isomorphisms, and the rest of the case is straightforward.
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e Suppose P =Q \ A, {Q}=(Eq. nit,k), and Cp-(Eq) = (Eq.Fq.Cq,—q). Then A(e) ¢ AU A and Init % o X, meaning

)
there exists a key n and a transition Q ﬂ) Q' such that {Q'} = <5£2, Init’Q,k’Q > and there exist isomorphisms fq :
Eq — &, and gq : &y — Eq such that fq okl =kq U{(e,n)} and fq (X) = Initj,.

This means P M Q’\ A and the morphisms f [ E and g | {¢’ € E/Q | )JQ (e') ¢ AU A} clearly fulfil the remaining
conditions.

e Suppose P =Q[f], {Q}=(Eq.Init, k), and Cpr(Eq) = (Eq,Fq.Cq,—q). Clearly Init 5> X, and f(Lq (e)) = A(e), and
the proof is straightforward. 0O

Appendix D. Extended bundle event structures

In this appendix we define the categorical concepts for EBESs, which we defined for BESs in Section 3.1.
We first define a finitely caused subcategory (Definition D.1), though in this case the asymmetric conflict still cannot be
modelled by general event structures.

Definition D.1 (Finitely Caused EBES). A finitely caused EBES (FCEBES) is an EBES & = (E, >, >) where for any e € E, {X C
E | X > e} is finite.

EBES configurations are sets which have an order in which the events could have happened.

Definition D.2 (EBES configuration [21]). Given an EBES £ = (E,+—,>), a configuration of £ is a set X C E such that there
exists a sequence ey, ..., e, such that:

1. {eo,...,en}=X;
2. if e; <ej then i < j;
3. if X+ e; then X N{eg,...,ej_1} #0.

A category of EBESs has not, to our knowledge, been defined, so we define an EBES morphism in Definition D.3. This
morphism is similar to the BES morphism defined previously, and asymmetric conflict is treated much the same way as
symmetric.

Definition D.3 (EBES morphism). Given EBESs & = (Eg, +>¢, >0) and & = (E1, + 1, >1), an EBES-morphism from &y to & is
a partial function f: Eg — E such that and for all e, e’ € Eg:

1. if f(e) <11 f(e’) then e <g€’;

2.if f(e)=f(e/)# L and e £ ¢’ then e g e’;

3. for X1 C Eq if X1 —1 f(e) then there exists Xog C Eg such that Xo+—>ge, f(Xo) € X1, and if e’ € Xo then f(e') # L;
4., for any Xo C Eo, if Xo is a configuration of &, then f(Xp) is a configuration of &;.

Proposition D.4. Given EBESs &y = (Eg, —>¢, I>¢) and & = (E1, —1, I>1) and EBES morphism f : Eg — E1, if X C Ey is a configu-
ration of &, then f(X) is a configuration of &;.

Proposition D.5. EBES consisting of EBESs and EBES morphisms is a category.

Proof. Composition of partial functions is associative and f(e) =e works as an identity arrow, and so we need only show
that the morphisms are composable.

If & = (Eg, —0,>0), &1 = (E1,+—>1,>1), and & = (E2,+>2,>2) are EBESs and f : Eg — E1 and g: E; — E, are mor-
phisms, we show that f og:Ey — E is also a morphism:

1. If g(f(e)) <2 g(f(e")) then f(e) <1y f(e’), and therefore e <1g €’.

2. If g(f(e)) =g(f(e")) and e # ¢/, then either f(e) = f(e’), in which case e <ig €/, or f(e) # f(e'), in which case f(e) <
f(e", and therefore e <ig €’.

3. If X3 2 g(f(e)) then there exist X1 € E1 and Xo C Ep such that X; +—1 f(e), Xo o e, g(X1) € X2, f(Xo) C X3
and if e; € X; then g(e1) # L and if eg € Xo then f(ep) # L. This means that g(f(Xo)) € X3, and if eg € Xo then

g(f(eo)) # L.
4. If Xp is a configuration of & then f(Xp) is a configuration of &1, and therefore g(f(Xo)) is a configurations of &. 0O

We also construct a product of EBESs in Definition D.6. This definition is very similar to the products in Section 3.
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Definition D.6 (EBES product). Given EBESs & = (Eg,+>0,>0) and & = (E1,+>1,>1), we construct & x & = (E,+—,>)
with projections 7, 771 where:

1. E=Eg x4+ E1={(e,x)|e€ Eg} U{(x,e) |ec E1}U{(e,e’) |e € Ep and e’ € E1};
2. for (eo, e1) € E, mi(eo, e1) =ei;
3. for any e € E, X C E, X + e iff there exists i € {0, 1} and X; C E; such that X; — m;(e) and X ={e’ € E | 7ti(¢) € X;};

4. for any e, e’ € E, e <1 ¢’ iff there exists i € {0, 1} such that 7r;(e) <; w;(e’), or mi(e) = mi(e') # L and mq_j(e) # m1_i(e).
Proposition D.7. Given EBESs £ = (Eg, ¢, I>¢) and &1 = (E1, +—1, >>1), we have that & x &1 = (E, >, 1>) is their product.
Proof. We first show that g and 11 are morphisms:

1. If mi(e) <; i (e’), then obviously e < e’.

2. If mi(e) = mi(e’) and e # €/, then 71_;(e) # mq1_i(e’), and therefore e <1 e’.

3. If Xj— mi(e), then {¢/ € E | wi(e’) € X;} > e. Clearly m;({e’ € E | wi(e’) € X;}) = X;, and for all ¢’ € {¢’ € E | wj(e') € Xi}),
mi(e) # L.

4. If X is a configuration of & x &1, then we show that 7;(X) satisfies the requirements of a configuration of &;. We show
that if the requirements of Definition D.2 hold for ey, ..., ey, then they hold for m;(eg), ..., wi(en):
(a) Obviously {mi(eg), ..., mi(en)} = mi(X).
(b) If i(ej) < mi(ej), then as shown above, e; < e, meaning j < j'.
(c) Whenever Y; — mi(ej+1), we know {e’ € E | mj(e’) € Y;} — ej4q1, meaning {e’ € E | wi(e') € Yi} N{ey,...,ej} # 0.

Therefore, we must get Y; N {m;(e1),...,mi(ej)} #mi(@) =0.

We then show that for any EBES, & = (E,, >3, I>2), if there exist morphisms fy:E& — & and f: E; — &1, then there
exists a unique morphism f :& — &, such that mpo f = fp and w10 f = f1.

Clearly f(e) = (fo(e), f1(e)) is the only partial function for which this commutes, meaning that the morphisms clearly
commute as described above; we prove it to be a morphism:

1. If f(e) < f(e’) then there exists i € {0, 1} such that either 7r;(f(e)) <; w;(f(e’)), in which case clearly fi(e) <; fi(e')i,
and therefore e <1 €/, or 7 (f(e)) = wi(f(e')) # L and m1_;(f(e)) # m1_i(f(e')), in which case fi(e) = fi(e’) # L, and
e # e/, meaning e <1y €’.

2. If f(e) = f(e') # L then fo(e) = fo(e') # L or fi(e) = fi(e’) # L, meaning if e # ¢’ then e <1y €'.

3. For X CE, if X — f(e), then there exists i € {0, 1} and X; C E; such that X; — mj(e) and X ={e’ € E | wi(e’) € X;}. And
since X; — fi(e), there exists X C E5 such that Xs >3 e, fi(X2) € X;, and if e’ € X, then fij(e’) # L. Clearly f(X2) C X.

4. If X is a configuration of &, then we show that f(X) satisfies the requirements of a configuration of & x £. We show
that if the requirements of Definition D.2 hold for eg, ..., ey, then they hold for f(ep),..., f(en):
(a) Obviously {f(eo), ..., f(en)} = f(X).
(b) If f(ej) <t f(ej), then as shown above, e; <I; e;, meaning j < j'.
(c) Whenever Y — f(ej4+1), we know {e' € E | f(e') € Y} eji1, meaning {e' € E | f(e') e Y} N{eq,...,ej} #@. There-

fore, we must get Y N{f(eq),..., fep)}# f@W=9¥. O

Proposition D.8. Given FCEBESs &y = (Eg, +>0, >0) and &1 = (E1, —1, >1), we have that &y x &1 = (E, +—, I>) is an FCEBES.
Proof. Similar to the proof of Proposition 3.11. O
We also construct a coproduct of EBESs in Definition D.9.

Definition D.9 (EBES coproduct). Given EBESs & = (Eg, —0, >0) and & = (E1, 1, >1), we construct & + &1 = (E,+—,>)
with injections ¢g, t; where:

E={(0,e)|ecEo}U{(1,e) |e€Eq};

foreeEj, tj(e) =(j,e) for je{0,1};

X (j,e)iff forall (j,e')eX, j=j and (j(X)je;
(,e)y<(j,e)iff j#j ore<je.

Proposition D.10. If £y and &£; are EBESs, then &y + &£ is their coproduct.
Proof. Similar to that for BES coproduct (Proposition 3.13). O
Proposition D.11. Given FCEBESs &y = (Eg, +>0, >0) and & = (Eq, —1, I>1), we have that &y + &1 = (E, —, I>) is an FCEBES.
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Proof. Similar to Proposition 3.27. O

Appendix E. Relating REBES to other categories of reversible event structures

In this appendix we recall the category of reversible asymmetric event structures and describe how it and stable bundle
event structures (Definition A.4) relate to the category REBES defined in Section 5.

Definition E.1 (RAES [27]). A reversible asymmetric event structure (RAES) is a 4-tuple £ = (E, F, <, <1) where E is the set
of events and

1. F CE is the set of reversible events;

2. <<C(EUF) x E is the irreflexive precedence relation;

3. <C E x (EUF) is the causation relation, which is irreflexive and well-founded, such that for all « € EUF, {e € E | e < a}
is finite and has no <-cycles;

. foralleeF,e<e;

.foralleeE and ¢ € EUF if e <« then not e > «;

. e < ¢’ implies e <€/, where e < ¢’ means that e < e’ and if e € F then ¢/ > e;

. << is transitive;

.ifette’ and e < e” then e’ f e/, where f=<1N>.

0 g O U1 N

Definition E.2 (RAES morphism [15]). Given RAESs & = (Eg, Fo, <0, <) and & = (E1, F1, <1, <1), an RAES morphism f :
&y — &1 is a partial function f : Eg — E; such that

1. for all e* € Eq U Fy, if f(e) # L then {e1 |e; <1 f(e*)} S {f(e') | e’ <pe*};
2. for all e € Eg and e'* € Eq U Fo, if f(e) # L # f(e'*) and f(e'*) <y f(e) then e* g e;
3. for all e, e’ € Eg, if f(e) = f(e') # L and e #¢’ then e fige’;
4. f(Fo) C Fy.
Definition E.3 (RAES to REBES). The functor B, : RAES — REBES is defined as:

1. Bo+((E,F,<,<)) = (E, F,—,>), where {¢'} > e* if e/ <e;
2. Bar(f):f'

Definition E.4 (FCREBES to SRES). The functor E., : FCREBES — RES is defined as:
1. Eer((E, F,+—,>)) = (E, F,Con, ) where

(a) Con is the set of finite subsets of E with no <i-cycles;
(b) Fore* e EUF, X QY F* if X € Con, for all X’ CE such that X'+ e*, X’ N X #0, Y ={e' |/ >e*},and Y N X =0;

2. Eer(f) = f
Proposition E.5. Given an FCREBES £ = (E, F, >, >), we have that E..((E, F, <, #, >)) is an SRES.

Proof. If XY Fe* X QY Fe* and XU X' +e* €Con then Y =Y’ and X U X’ has no <i-cycles, meaning there must
exist an X” € (X N X’) such that for all X" — e*, there exists ¢’ € X” N X". This implies XNX' QY NY'Fe*. O

Appendix F. Proofs from Section 7
E1. Proof of Proposition 7.4

Lemma F.1. Given consistent processes Pg and P1 such that {Pol} = (o, Inito, ko), {P1]} = (&1, Inity, kq), and &y < &1, and there exists
Al@, 7) in Po such that A(B,5) = P4 and Py = PO{A@’J})/PA{W/M}}' and an action «,, such that {o,.Pol} = (€5, Inity, k) and

{loy P = (&, Inity, K} ), we get £y < €.

Proof. Obviously Ej € E} and F) = F; N Ej,.
We then prove that X —{ e* if and only if X'~} e*, X =X"NEg, and e* € E{ U F:

o If X~ e then either X g e, or X = {ey}, e € Eg, and Ag(e) #roll y’.
- If X e then there exists some X; C E1 such that X; N Eg = X and X{ 1 e, meaning X; — e and X1 N Ej = Xo.

- If X ={eq}, e € Eq, and Ag(e) #roll y’ then e € E1 and Aq(e) = Ag(e) #roll y’/, meaning {ey} — e.
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e If X~ e and e € E, then either X 1 e, or X ={eq}, e € E1, and A1 (e) #roll y’.

If X1 e and e e Ej then XN Eg=XNEj+>ge, meaning X N Ej—>qe.
If e € Ej), X ={eq}, e € Eq, and Aq(e) #roll y’, then Ag(e) =1A{(e) # roll y, meaning {ey} > e.

e If X +—{ e then either X ={e}, or e =ey and X ={e’ € Eq | {¢’ | Ao(¢) =roll ¥ and e’ € X' > e” = A(e”) = start roll y}},
or Ag(e) € {roll y’ |y’ is a tag } U {start roll 3’ | ﬂﬂ,n.ﬁy/ or By[n] occurs in o, .Po} and X g e, or Ag(e) ¢ {roll ' |y’
is a tag } U (start roll y’ | 3, n.B,s or B,/[n] occurs in &y .Po}, {e} # X' +>oe, and X = X" U {e’ | Ao(e") =roll y}.

If X = {e} then obviously X ] e.

If e=ey and X ={e’ € Eg | Ag(e") =roll ¥} then X ={e’ € E1 | A1(e') =roll y} N Eg and {e’ € Ey | A1(e') =roll ¥} =] e.
If Xo(e) € {roll y' | ¥’ is a tag }U{start roll ' | ﬂﬂ,n.ﬁyr or B,[n] occurs in &y .Po} and X o e then A1 (e) € {roll y' | y’
is a tag} U {start roll y’ | ﬂﬁ,n.ﬂyr or B,/[n] occurs in @y .P1} and there exists X1 such that X; NEg= X and X; 1 e,
meaning X; — e.

If Ap(e) ¢ {roll ' |y’ is a tag } U {start roll ¥’ | 8, n.p,s or By.[n] occurs in oy, .Po}, {e} # X' +>pe, and X = X" U {e’|
Xo(e’) =roll y} then there exists X; € Eq such that X N Eg= X" and X) 1 e. This means Xj U {e’ € Ey | A1(¢) =
roll Y} e, and clearly {e’ € E1 | A1(e') =roll y} N Eg={e’ € Eg | 2o(e’) =roll y}, meaning (X; U {e’ € E1 | 11(e) =
roll yH) NEy =X.

o If X~ e and e € E;, then either X = {e}, or e=e, and X ={e’ € E1 | A1(e") =roll ¥}, or A1(e) € {roll ¥’ |y’ is a tag}
U{start roll y’ | 38, n.B, or Bys[n] occurs in &y .P1} and X 1 e, or A1(e) ¢ {roll ¥’ |y’ is a tag } U {start roll " | 18, n.py
or B,/[n] occurs in o, .P1}, {e} # X' +>1e, and X =X"U{e' | A1(e) =roll y}.

If X = {e} then obviously X > e.

If e=ey and X ={e’ € E1 | A1(¢) =roll y} then {e’ € Eg | Ao(e’) =roll ¥} > e and obviously X N Ey = {e’ € Eq |
ro(e) =roll y}.

If A1(e) € {roll ¥’ |y’ is a tag} U {start roll y’ | 3B, n.Byr or B,:[n] occurs in a,.P1} and X 1 e then Ag(e) € {roll y’ |
y’ is a tag} U {start roll y’ | 38, n.p,s or B,/[n] occurs in ay.Po}, and X N Eqg ¢ e, meaning X N Eg > e.

If A1(e) ¢ {roll y' |y’ is a tag} U {start roll y’ | ﬂﬂ,n.ﬂy/ or By,[n] occurs in ) .P1}, {e} # X' +>1e,and X =X U {e’|
A1(e’) =roll y} then X'NEg o e, meaning (X'NEg)U{e’ | Ag(e") =roll y} > e, and obviously XNEgq = (X'NEg)U{e’ |
ro(e") =roll y}.

We then prove that e t>; e’* if and only if e >} e, e € E(;, and ¢’ € E|, ﬁié.

e If e > e'* then either Ao(e) € {roll ¥’ |y’ is a tag} U {start roll y’ | ﬂﬂ,n.ﬁy/ or By[n] occurs in ay.Po} and e'* = eq, or
e=ey, €*=¢ and Ag(e’) =roll y, or Ag(e) =roll y and e’* = ey, or Ag(e) =roll y, e'* =¢’, and rg(e’) ¢ {roll Y’ | ¥’ is
a tag } U {start roll y’ | E,B, n.B, or B,/[n] occurs in ay,.Po}.

If 2o(e) € {roll ¥’ |y’ is a tag } U {start roll y’ | 3B, n.B, or B,/[n] occurs in &y .Po} and e’* =eq, then Aq(e) € {roll ¥’ |
y’ is a tag } U {start roll 3’ | 38, n.By or B,/[n] occurs in e, .P1}, and therefore e >} eq.

If e=ey, e*=¢ and rg(e’) =roll y then Ai(e’) =roll y, and therefore e, > €.

If Ag(e) =roll y and e’* = ey, then A1(e) =roll y, and therefore e > e,.

If Ag(e) =roll y, Ao(e’) ¢ {roll Y’ |y’ is a tag } U {start roll 3’ | 3B, n.p,s or B,:[n] occurs in oy, .Po}, and e’* =¢’, then
Ai(e) =roll y and Aq(e’) ¢ {roll ¥’ |y’ is a tag } U {start roll y’ | 8, n.B, or B,/[n] occurs in oy, .Po}, meaning e >} e’

o If e>) e'* for e, e’ € Eg then the argument is similar.

Obviously Ay = A} rEb and Act=ran(iy). O

Lemma F.2. Given consistent processes Py and P such that {Po]} = (&0, Inito, ko), {P1]}} = (&1, Inity, k1), and & < &1, and an action
oy, such that {o,, [m].Pol} = (€], Inity, kp) and {er,, [m].P1[} = (€], Init}, k;), we get £ < &;.

Proof. Follows from Lemma F.1 and the definitions of {a, [m].Po] and {e,, [m].P1}. O

Lemma E.3. Given consistent processes Pq | P2, P1 | Py with {Pol} = (o, Inito, ko), {P1]} = (£1, Inity, k1), {Po | P2 = (£}, Initg, kp),
{P1 | P2} = (&, Init}, k}), and E < &, we get £) < &;.

Proof. We first prove that Ej C E/. For all e € Ej; we know either e € Eq x« E3 and A(e) € {roll y, start roll y}, or e = (X, €’)
for some e’ € Eq x4 E2 and X € causes(e’). If e € Eg x4 E2 and Ay (e) € {roll y, start roll 7} then obviously e € E}. If e = (X, e’)
then if e’ = (e, *) then for each (ej,e}) € X there exists Xo such that e; € Xo and Xo g ep. This means there exists
X1 € Eq such that X1 1 eg and Xo = Xq N Eo. In addition, for any X} € Eq such that X} 1 eg, we have X] N Eq g eo,
and therefore (X x Ez) N X # @J. We therefore get e € E}. If &’ = (x, e) then obviously e,’s causes are the same in £] and
therefore e’ € E. If ¢/ = (eg, e2) then the argument is a combination of the first two cases.

Obviously Fj = Ej N Fj.

We then prove that X - e* if and only if X' =] e*, X =X'NE, and e* € Ej U F:
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If X g e then either e = (X',¢’), X = {(X",e") | X" € X'}, and e” € X', or e = (eo, e2) and there exists X’ such that
X' +—ox2e and X ={e’ | (mo(e), ma(e’)) € X'}.
-Ife=(X,¢), X={(X",e")| X" C X'}, and e” € X’ then clearly X — e.
- If e = (eg,e2) and there exists X’ such that X' +>qx2 e and X = {e’ | (7mo(e’), m2(e’)) € X'} then X' 142 e, and
obviously {e’ | (mo(e), m2(e")) € X'} = {e’ | (w1(e), m2(e")) € X'} N Ey,.
If X+~ e and e € Ej, then either e = (X', ¢’), X ={(X",e”) | X" € X'}, and e” € X', or e = (e1, e2) and there exists X’
such that X' 142 e and X ={e’ | (;r1(e), m2(e')) € X'}.
-Ife=(X,e), X={(X",e")| X" € X'}, and e” € X’ then since e € Ey, for all ¢’ € X, m1(e’) € Ep, meaning X C E},
and g e.
- If e = (e1,e2) and there exists X’ such that X' +>1x2 e and X = {e’ | (;r1(e’), m2(e)) € X’} then e; € Eq U {%}, and
X' N (Eg %« E2) = 0x2 e, meaning X N Ej = {e’ | (mo(e), m2(e")) € X' N (Eo x« E2)} > e.
di € {0, 2}, X; € E;. X; — mi(e)
If X+—>gethen X=[J{X"| or3dex X' Xir milex) and e = (X’, (eg, e2)), or e = (eg, e1) and there exists X’
and e’ € X" iff m;(e') € X;
such that X'+, e and X = {e’ | (o (e’), w1(e")) € X'}, or X = {e}.
- If X = {e} then obviously X —/ e.
Ji €{0,2}, X; € E;. X; —~; mi(e)
- Ife= (X, (eg,e2)) and X = { X" | or Jex € X'.X; —~; mi(ex) then (1) for each Xo such that Xg > eg, there
and e’ € X" iff mij(e') € X;
exists Xy such that X; 19 and X1 N Eg = Xo, and (2) for each Xo such that there exists (e, e5) € X, such that
Xo > o, there exists X1 such that X1 1 e; and X1 N Eg = Xo, meaning

die{1,2}, X; € Ei. X;j—; mwi(e)
U X"| ordey € X' .Xi > mwi(ex) NEo=X
and e’ € X" iff wi(e’) € X;

- If e = (eg, e1) and there exists X’ such that X’ >gx2 e and X = {e’ | (7rg(€’), w1 (e")) € X'}, then by Lemma 4.10, there
exists X” such that X’ = X" N (Eq x4 E2) and X" 14 e, meaning {e' | (7r1(e), w1(e)) € X"} =] e.
If X+ e and e € Ej then X = {e}, or e = (X', (e1,e2)) and X = [J{X" | 3i € {0, 1}.7;(X") > e; or e’ € X' .m;(X") >;
mi(e)}. If X = {e} then obviously X > e.
die{1,2}, X; € Ei. X; —;mi(e)
If e= (X, (e1,e2)) and X =J{ X”| or Jex € X' .X; > mwi(ex) then for each X; such that X; — e;, we know
and e’ € X" iff mj(e') € X; o
X1 N Eg+ ey, and for each X; such that there exists (e},e}) € X’ such that X; ] ey, since e € Ej, €| € Eg, meaning
X1 N Eg > ey. Therefore X N Ej > eq.

We then prove that e t>; e’* if and only if e >} e’*, e € Ej, and e’ € Ej; N Fy,.

If e>( e’* then there exists i € {0, 2} such that either (1) 7;(e) >; m(e?, or (2) mi(e) =mi(e)# L,or(3)e'*=e', e #£e¢,

and e € X — ¢/, or (4) and there exist y, y’ such that A(e) =roll y and A(e’) =roll y’. In all these cases it is clear that the
same conditions will apply in &].

Similar logic applies if e > e’* and e, e’ € Ej,.
Obviously Ay =1} [56 and Act=ran(Ay). O

E2. Proof of Lemma 7.6

Proof. We prove this by structural induction on P:

Suppose P = 0. Then there are no events and the lemma is trivially true.

Suppose P =roll y. Then e € X > ¢’ means e = e, and e’ =e;, and obviously A(e’) =roll y.

Suppose P =rolling y. Then the argument is the same as the previous case.

Suppose P =a,.P’. Then {P'}} = (&', Init, k) and either X "¢’ or X = {eq}. If X —'e’ then e’ # e, and by induction if
e’ )>'e then A(e’) € {roll y, start roll y}. If X ={eq} then, e’ > ey unless A(e’) € {roll y, start roll y}.

e Suppose P =, .[m]P’. Then the argument is the same as the previous case.
e Suppose P =Pg+ P1. Then e = (i, e;), e’ = (i, €)), e; —; €], and e} }>;e;, meaning A;(e}) € {roll y, start roll ¥}, and there-

fore A(e’) € {roll y, start roll y}.

Suppose P = Pg | Py. Then if ¢/ = (Y',e”), e = (Y,e”) and e” € Y’, meaning there exists i € {0, 1} such that ;(e) €
Xi i mi(e’). By induction we get that, if e >;e;, then there exists y such that A;(e}) € {roll y,start roll '}, meaning
ej_;=s* and A(e’) € {roll y,start roll '}, and if e] >>; e; then e’ > e. If e’ € E then A(e’) € {roll y, start roll y}

e Suppose P = P’\ A. Then the rf:sult follows from induction.
e Suppose P =A(a,y) and A(b,$) = Pa. Then the result holds if it holds for P4. O
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E3.

Proof of Lemma 7.7

Proof. We prove this by structural induction on P:

Suppose P = 0. Then there are no events and the lemma is trivially true.

Suppose P =roll y. Then no X, X, e, e’ exist such that X +>e € X'+ ¢’

Suppose P =rolling y. Then the argument is the same as the previous case.

Suppose P = a,.P’. Then {P'} = (€', Init, k), X' ¢/, and either X = {e4}, or X ' e. If X = {e4}, then X > ¢’ whenever
re") #£roll y'. If X+—"e and X’ —' ¢’ then by induction, X + ¢’.

e Suppose P =a,,/.[m]P’. Then the argument is the same as the previous case.
e Suppose P = P+ P1. Then there exists an i € {0, 1} such that e = (i,e;), e’ = (i, €}), {e] | (i,e]) € X'} —>; e}, and {e] |

(i,e!) € X} i e;, meaning by induction {e] | (i, e]) € X} > e}, and therefore X > ¢’.

Suppose P = Pg | P1. Then e’ = (Y, (ey, e])) or there exists a y such that A(e’) =roll y. If e’ = (Y’, (e, e})) then e =
(Y, (eo,e1)) and (e, e1) € Y’, meaning there exists i € {0, 1} such that e; € X; —; e}. Similarly, X = {(Y",e") | (Y",e") €
E} for some e” € Y. Since Y € cause(e) and e € Y’ € cause(e’), there exists Y” € cause(e’) such that Y C Y”. This means
X+ e.

e Suppose P = P’\ A. Then the rf.sult follows from induction.
e Suppose P =A(d,y) and A(b,$) = Pa. Then the result holds if it holds for P4. O

F4.

Proof of Lemma 7.8

Proof. We prove this by structural induction on P:

Suppose P =0. Then E =¢ and the case is trivial.

Suppose P =roll y. Then ¢’ =¢5 and e =e;.

Suppose P =rolling . Then ¢’ =e5 and e =e;.

Suppose P = a,.P’. Then by induction, if X > p e, then there exists an e’ such that X = {e’}. If X & p e, then X = {eq}.
Suppose P = ay,[m].P’. Then by induction, if X > p/ e, there exists an e’ such that X = {e'}. If X 15> p: e, then X = {ey}.
Suppose P = Pg + P1. Then, by induction if e = (i, e;) and X; > e;, then X; =ej, and e’ = (i, e}).

Suppose P = Pq | P1. Then either e = (Y, ex) or there exists a y such that rA(e) =roll y. If e=(Y,ex) then X =
{(Y",e")|(Y",e") € E} for some e” € Y. We therefore need to show that given an event e” € Y, there exists exactly one
Y” € cause(e”) such that Y” C Y. This follows naturally from items 2 and 3 of Definition 7.1.

e Suppose P = P\ A. Then the lemma obviously follows from the definition of p (Definition 7.3).
e Suppose P =A(d,y) and A(b,$) = Pa. Then the lemma holds if it holds for P4. O

E5.

Proof of Lemma 7.9

Proof. We prove this by structural induction on P:

E6.

Suppose P =0. Then E =¢ and the case is trivial.

Suppose P =roll y. Then ¢’ =e; and e =e;.

Suppose P =rolling . Then ¢’ =e, and e =e;.

Suppose P = oy, .P’. Then either e =ey and X = {e” | A}, (e”) =roll ¥}, or Api(e) =roll y" and X —p e, or A}, (e”) #
roll y/, {e} # X' +—>pre,and X = X" U{e” | A, (e”) =roll y}.

In either case, it is clear that e’ > e.

Suppose P = ay,[m].P’. Then the argument is similar to the previous case.

Suppose P = Pg + P1. Then, by induction if e = (i, e;) and e} € X; > e;, then e > e;, and e’ = (i, e}), meaning e’ > e.
Suppose P = Py | P1. Then the lemma holds by definition.

Suppose P = P’\ A. Then the result follows from induction.

Suppose P = A(d, 7) and A(b, §) = P . Then the result holds if it holds for P4. O

Proof of Lemma 7.10

Proof. We prove this by structural induction on P:

Suppose P =0. Then E =¢ and the case is trivial.

Suppose P =roll y. Then X = {e;} and e =e;.

Suppose P =rolling y. Then X ={e;} and e =e;.

Suppose P = o, .P’. Then either e = e, and X = {e” | A}, (") =roll ¥}, or Apr(e) =roll y' and X —p/ e, or A, (e”) #
roll y/, {e} # X' +—>pre,and X = X' U{e” | A, (¢”) =roll y}.
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In either case, it is clear that there exists only one X.

e Suppose P =, [m].P’. Then the argument is similar to the previous case.

e Suppose P = P+ P1. Then, by induction if e = (i, ;) then there exists at most one X; such that e € X; —; e;, meaning
{i} x Xj—>e.

e Suppose P = Pg | Py. Then either e = (X', e’), in which case the lemma obviously holds, or there exists X’ such that
X'+ eand X ={e'| (;mp(e’), w1 (e")) € X'}. By induction, since there exists an i € {0, 1} such that m;(e) = L, there can
only exist one such X'.

e Suppose P =P’ \ A. Then the result follows from induction.

e Suppose P = A(d, 7) and A(b,8) = P4. Then the result holds if it holds for P4. O

E7. Proof of Lemma 7.11
Proof. We prove this by structural induction on P:

Suppose P =0. Then E =¢ and the case is trivial.
Suppose P =roll . Then there does not exist any e such that A(e) = u.
Suppose P =rolling y. Then there does not exist any e such that i(e) = u.
Suppose P = oy, .P’. Then either X +>pre or X ={ey} and e € Ep:.
If X —p/ e then there exists an Xp/ such that Xp/ +>p- e and X' = Xp: U {e” | Ap/(e”) =roll y}. This means there exists
Xp, such that X, =pr €/, Xpr € X}/, and X}, U {e” | Ap/(e”) =roll y} = X" > underlinee.
If X={ey} and e € Eps then X' ={e” | Ap/(e”) =roll Y} and there exists an Xp/ such that Xp: +>p/ e and X" = Xp U{e” |
Ap(e”) =roll y}, meaning clearly X' C X”.
e Suppose P =y, [m].P’. Then the argument is similar to the previous case.
e Suppose P = Pg 4 P;. Then, if e = (i,e;) and e’ = (i,e]) then there exists X] such that X’ = {i} x X} and X; — e,
meaning there exists X" 2 X/ such that X! e; and therefore {i} x X = X" > e.
e Suppose P = Pg | P1. Then either e = (Y, ey ), or there exists X’ such that X'~ e and X = {e’ | (7ro(e’), 1 (e")) € X'}.
Ife=(Y,ex) then e’ =(Y’,e,) and Y' U{e/ } C Y, and
Ji €{0, 1}, X; € E;. Xj i mi(e))
X' =3 Xx"| or3e eY Xj—;me))
and e” € X" iff wi(e”) € X;
di € {0, 1}, X; € E; . Xj —; mi(e)
We define X” =|J{ X" | or 3e}, € Y.X;—; mi(e) and show that X’ € X”. By definition, since e, € Y/, when-
and e” € X" iff m;(e”) € X;
ever X; — mi(e’) we get w(e”) € X; iff e/ € X”. And if there exists e/, € Y’ such that X; — m;(e;) then, since Y' C Y,
e’ €Y and therefore 7 (e”) € X; iff e” € X"’
e Suppose P = P’\ A. Then the lemma obviously follows from induction.
e Suppose P =A(d, y). Then the lemma holds if it holds for P4. O

E8. Proof of Proposition 7.12

Proof. We say that £ = (E, F,+—,1>,A,Act) and & = (E/, F/,—~',>', 1/, Act') and do a case analysis on the structural con-
gruence rules, describing how £ and £’ are constructed and defining isomorphisms for each rule:

P=Q |Rand P’ =R | Q: Then there exist £ and &g such that for i € {Q, R}, {Pi} = (&, Init;, k;) and (&, Init, k) is com-
posed of them as defined in the event structure semantics.
And there exist £, and £ such that for i € {Q, R}, {Pi} = (&, nit), k;) and (&', Init’, k') is composed of them as
defined in the event structure semantics.
And by induction we have isomorphisms fq : Eq — Eé and fg: Eg — & fulfilling the conditions.
We first define a helper function

(fr(er), fo(eq)) ife=1(eq,er)
f(e)= 1 (fr(er), ) ife = (x, eg)
(*, fQ(EQ)) ife:(eQ,*)
and then our isomorphism
e — {({/f’(e”) e e X}, f(e) ife=(X.e)
f'(e) otherwise

Since the definition of parallel composition treats both parts the same way, this clearly fulfils the conditions.
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P=Py|(P1|Py)and P’ =(Py | P1) | P: Then there exist &, &1, &, and &1z such that {Po]} = (o, Initg, ko), {P1}} =
(&1, Inity, k1), {P2} = (&2, Inity, k2), (E12, Init12, k12) is composed of (&1, Inity, k1) and (&7, Initz, ka) as described in
the parallel rule, and (&, Init, k) is composed of (&, Initg, ko) and (&12, Inity2, k12) as described in the parallel rule.

Additionally, there exist event structures &;, &1, £, and &1 generated as follows: {Po}} = (56, Initb,ké), {P1} =
(&1, Init} k), {P2] = (&5, Inith, kS), (Eo1. Initor, kor) is composed of (£, Initg, ko) and (€1, Inity, k) as described in
the parallel rule. Then (5/, Init/,k/) is composed of (&1, Init1, ko1) and (&3, Initz, ka) as described in the parallel
rule. And there exist isomorphisms fo: &0 — &, f1:&1 — &f, and f3 : & — &) satisfying the conditions of the
proposition.

We define a helper function fo1(eo, e1) = (fo(eo), f1(e1)) if ep € Eg and eq € E1 and define the morphism

(fo1(eo, 1), f2(e2))  ife=(eo, (e1,e2))
(Y, (Y, e01), f2(e2)) ife=(X, (e, (X', (e1,€2)))),
eo1 = fo1(eo, €1)
Y’ = {fo1(eq. €}) | ey, X"
(ep, (X", (€], €5))) € X and
eg € Xo € cause(eg) or e} € X1 € cause(er)},
and

Y = {((for1(Y"), foi(eg.€})). e5) € Eorx2 |
3X”.(ep, (X", (€], €5))) € X and
(for(Y"), fo1(ep.€7)) € Y'}

We first show that for any e = (X, (eo, (X', (e1, €2)))), there exists at most one possible f(e) € E’: Since causes
must be conflict-free, there can at most exist one e/, and X" for each ej and e} such that (ej, (X", (e}, €5)) € X,
meaning there can only exist one Y’ and Y fulfilling the conditions.

We then show that for any e = (X, (eo, (X', (e1, €2)))), there exists f(e") = (Y, ((Y’, (eg, €})), €})) € E": By induc-
tion, e;, € Eg, €} € E}, and €/, € EY, so we show that (Y’, (eg, e})) € Eg1. We know there exists X; € cause(e) such
that X; C m1(X') = 1 (;r12(X)), and there exists Xg € cause(eg) such that Xg € mg(X). And since for all e € Y/,
either ej, € Xo € cause(eg) or e}, € Xy € cause(er), we get that Y’ € cause(fo(eo), f1(e1)), and therefore we have
an event (Y', (fo(eo), f1(e1))) € Eo1. And for similar reasons we also get Y € cause((Y’, (fo(eo), f1(e1))), f2(e2)),
meaning we have an event (Y, ((Y’, (fo(eo), f1(e1))), fa(e2))) € E'.

We then show that for any e’ = (X, ((X', (e, €))), €5)) € E’, there exists e = (Y, (eo, (Y’, (e1,€2)))) € E such that
f(e) =¢€’. By induction, there obviously exist eg, e1, e such that fo(eo) =eg, fi(e1) =€}, and fa(ez) = e’,. We also
know there exist Xy € cause(eo) X1 € cause(e}), and X; € cause(e’) such that (1) whenever ((X”, (e, e})),e}) €
X, either ejj € Xo or ef € X1 or e) € Xp, and for each (ey, e{") € X", there exists X" € X” and e/’ such that
(X", (eg's e/{/)) ey) e X and (2) whenever e; € X, there exists (X", (eg.e})).e5) e X such that ej € {eg, e}, ey}.

For i € {0, 1, 2}, since f; is an isomorphism, fl.’l(X,-) € cause(e;), meaning if we set

fe)=

Y = (7@, 5@ | (X, (ef, €)), ) € X and €] € X; or &) € X}

and

3x”. X” " x d
Y:{(fo‘l(eg),(yu,(fﬂ(e ), f5 (e/z/)))) (X", (eg. e )) el) € X an }

", (fy e, fz eNNey’

we have e = (Y, (eg, (Y/, (e1,e2)))) €E and f(e) =e¢'.

We then show that f is a morphism, meaning for e, e’ € E:

e Obviously A(e) = A/(f(e)).

o If f(e) = f(e’) then one of the following holds: (1) e = (eg, (e1,e2)) =¢€’, or (2) e = (X, (eo, (Y, (e1,€2)))) and
e’ = (X', (eo, (Y, (e1,€2)))), and (eg, (Y”, (e],€5))) € X if and only if there exists (eg, (Y", (e, e4))) € X/ How-
ever, since Y”,Y" e cause(e], e}), elther Y” =Y", or there exist y” € Y” and y”’ € Y such that y” #t12 y".
And in addition, there exist ey, eg”, Yy», and Yy such that (ey’, (Yy»,y")) € X and (eg”, (Yy», y")) € X'. Since
X and X’ must be conflict- free X X'

o If X — f(e)*, then either e* = (eq, (e1,€2)), €* = (Y, (eo, (Y, (e1,€2)))), e* = (e, (e1,€2)), or e* =

(Y, (eo, (Y', (e1,€2)))).
If e = (eg, (e1, e2)) then there exists i € 0,12 and X; such that X; —; mi(e), and X = {e” | 7j(e”) € X;}, meaning
if i =0, then {e” | mo(e”) € Xi} — (ep,e1) and therefore {e” | mo(7To1(e”)) € Xi} — ((eo, 1), e2), and obviously
f(e" | mo(mo1(e”)) € Xi}) = X. If i =12 then there exists j € 1,2 and X; such that X; —j mj(e), and X =
{e” | wj(m2(e”)) € X;}, and by similar logic if j =1 then {e” | 71 (mwo1(e”)) € Xj} — ((eo,e1),e2), and f({e” |
m1(mo1(e”)) € Xj}) = X and if j=2 then {¢” | m2(e”) € Xj} — ((eo,€1),e2), and f({e” |ma(e”) e X;}) =X
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P=P'|0:

If e = (Y, (eo., (Y', (e1,€2)))) and f(e) =(Z, ((Z', (fo(ea). f1(e1))), f2(e2))) then there exists ' = ((Z”, (ep. €})),
e}) € Z such that X ={(X’,¢’) | X’ € X}, and obviously

Then there exists £ and &' such that {P'[} = (&', Init, k), {P} = (£, nit, k), and € is composed of &£ and the

empty LREBES, & as described in the parallel composition rule.

We define

fle) = {e’ ife=(X, (¢, %)

e ife=(e,x%)

And show that f: & — £’ is a morphism, meaning for all eg, e; € E:

Clearly A(eg) = A'(f(ep)).

If f(eo) = f(e1) then there exists e such that either eg = (e, x) = e1 or there exist Xy and X; such that eg =
(Xo(e, %)) and e; = (Xq(e, x)). However, by Lemma 7.8, we know that whenever X(’) e, X6 contains exactly
one event, e;. Since that event cannot synchronise with anything from Eg, e; must be in every possible cause
of e, and similarly for the causes of eg, meaning e can only have one cause in £'||£p, and therefore ep =ey.

For X' C E', if X'’ f(eo)* then f(eg) =e; and either eg = (e, *) or eg = (Xo, (e, *)).

If e = (e, *), then {e | 3¢’ € X'.e = (X, (¢/, %)) or e = (¢/, %)} > ep. Clearly {e |3’ € X".e = (X, (¢/,%)) or e =
(e',»}={el f(e) e X'}

If ef = (Xo, (e, *)) then by Lemma 7.8 there exists e such that X" = {e}. Clearly this requires that (e, *) € Xo,
which means {(X}, (e, %)) | X{ € Xo} = e, and clearly f({(X}, (e, %)) | X{ € Xo}) = {e}.

If ef = (ep, *) then {e|e= (X, (¢/,%)) or e=(, ) for e’ € X'} > e},

If e = (Xo. (eg, %)) then (J{X" |3X" € E'.X"" "ej or (e, %) € Xo.X" '€/, and e” € X" iff f(e”) € X"} > e,
by Lemmas 7.10 and 7.11, we know that for all e € Xo, if X" + e, then X” C X’, meaning X' = [J{X" |3X" €
E'.X""ey or 3¢/, %) € Xo.X" '€/, and e” € X" iff f(e”) € X"}

If f(eg) > f(eq)* then by definition, eg > eqx.

We then prove f is bijective: We already showed above, that f is injective, and it is clear that it is also

surjective.

In order to show f is an isomorphism, we therefore only need to show that f~! is a morphism, meaning for

! ! !
ey.e; € E"

Again, clearly A(f~1(ep)) =1 (ep).

If f1 (ep) = f~1(e}) then we already know f is a bijection, so eg =€}

For X CE, if X~ f~!(ep)* then f~'(e}) =eo and either eg = (e}, *) or eg = (Xo. (€[, *)).

If ef = (ep, %), then {e| (e,*) € X or AX'.(X, (e, %)) € X} > eq,.

If e = (Xo, (eg, *)) then by Lemma 7.8 we know there exists an e such that X = {e}. This means there exists X’
such that e = (X', (¢/, %)) and (¢’, %) € Xp, meaning {e'} ey,

If ef = (ej, ) then either X = {eo}, and obviously {ej} +— ef, or there exists an X’ such that X'+ eq and
X={e|Fe eX e=(e,x)ore= (X", (e, %))}

If ef = (Xo, (ey, %)) then either X = {ep}, and obviously {ej} — ej, or X = [J{X" | f(X") "¢ or 3(e’, %) €
Xo.f(X")—"¢’}. Clearly any of these X”s can be used to fulfil the condition.

If f=1(ep) > f~1(e})* then either (1) ey > e, (2) ey =€} and f'(ep) # f1(e))*, (3) ef* =e, f~1(ep) #
fHep*, and f=l(ep) € X — f1(€)), or (4) e}* =€ and there exist ¥ and y; such that A(f~1(ef)) =roll yo
and A(f~1(e)) =roll y1.

In case 1, the condition is trivially fulfilled. Case 2 will never occur. In case 3, as shown above, e6 € f(X) e,

and by Lemma 7.9, this means eg, > €/. In case 4, since the ej, and e] must both have been caused by a rollback
at the end of a subprocess, they were either in parallel or different option in a choice, and in either case clearly
e, >’ e.

0 1

And obviously from Lemma 7.7 and the definition of Init, we see that f(Init) = Init’ and f ok’ =k.

P=X+Yand P'=Y + X: Selection works the same in Roll-CCSK as in CCSK, so this case is the same as in Proposi-
tion 4.15.

P=(X+Y)+Zand P’ =(X+Y)+ Z: Selection works the same in Roll-CCSK as in CCSK, so this case is the same as in
Proposition 4.15.

P=P 40

Selection works the same in roll-CCSK as in CCSK, so this case is the same as in Proposition 4.15.

P=Q\A P =Q'\Aand Q =Q': Then we have {Q} =(Eq, Initg, kq), and {Q'}} = (Eq’. Initq/, kq’), there exist an iso-
morphism fq : £Eg — &£’ such that fq (Initg) = Initg- and for all e € Initg, kq (e) =kq/(fq (e)), and by applying
the restriction we get

(€, nit, k) =(Eq | P(AUA), Initg N p(AU A), kg | p(AU A))

and
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P =

(&, it k)= (Eq' T p(AUA), Initg: N p(AUA), kg | p(AU A))

We now show that e € p(A U A) if and only if f(e) € p(A U A).

For any e € Eq, obviously Aq (e) € AUA iff A¢/(f(e)) € AU A. We show that for any X C Eq, X € causes(e) if
and only if f(X) € cause(f(e)) by induction in the size of X.

If X =¢ then there does not exist x € Eq such that x g e, and by definition of an morphism, there cannot
exist X' C Eq/ such that X’ — f(e), meaning @ € cause(e). And since f is an isomorphism the same argument can
be used for f~1.

If X contains n events, and for all events ¢’ and X’ € cause(e’) such that X’ contains less that n events, X' C
p(AUA) if and only if f(X’) € cause(f(e')) then whenever X' > f(e), there exists x C Eq such that x> q e and
f(x) € ¥/, meaning there exists e” such that xN X = {e”’}, and x'N f(X) 2 {f(e”)}. And by induction if X" > e” € X
then X” C X and therefore f(X”) € causes(e”). And since X is conflict-free, obviously f(X) is conflict-free. And
since f is an isomorphism the same argument can be used for f~!.

Ala,y)and P’ = (v ?)PA{&’?/E,S} where A(E, S) = P,: Follows from Proposition 7.4. O

E9. Proof of Theorem 7.13

Proof. We say that the inverse of f is g: & — £ and prove the result by induction on the transition P M) P’ by con-
structing £, £, f and g for each case:

Suppose P =a,.Q, P’ =a,[m].Q, u =«, and std(Q). Then there exist £ and e, such that {Q = (£Q, Init, l<) and
(&, Init, k) is constructed based on this as described in the prefix rule.

And there exist £¢/ and e}, such that {Q} =(Eq, Initq’, ko) and (€', Init’, k') is constructed from this a described in the
past prefix rule.

By induction, there must exist isomorphisms fq : Eq — £’ and gq : Eq — &g, and we define f = fo U{(ey,e})} and
g=28q U{(ey,eq)}, which are clearly isomorphisms.

Since std(Q ), meaning Init =, and since no X exists such that X — ey, Init LN {ex}, and the rest of the conditions are

obviously satisfied.

Suppose that P =a, [n].Q, P'=ay[n].Q’, Q ﬂm—L Q’, and n #m.

Then there exist £ and e, such that {Q} = (5Q, Initg , kQ) and (&, Init, k) is constructed based on this as described in
the past prefix rule.

And there exist £y and e], such that {'Q} = (Eq, Initg, ko) and (&', Init’, k') is constructed from this a described in
the past prefix rule.

By induction, we get isomorphisms fq : £q — £q’ and gq : £g/ — £ and a transition Initg N Xq in Cre(Eq) such

that Aq (e) = u, kq/(fo(e)) =m, and fq (Xq) = Initg/.
We define f = fq U{(eqs,€,)} and g = gq U{(e,, ex)}. Since Initg and Xq are conflict-free in g, Initg U {ey} = Init and

Xq U{eq} = X are configurations of Cr.(£), and clearly Init ﬂ X.

Suppose P = Pq | Py, P’ =Py | Py, Pg M Py, and fsh[m](P1). Then there exist & and &; such that for i € {0,1},
{Pi} = (&, Init;, k;), and (&, Init, k) is constructed as described in the parallel composition rule.

And there exist £) and &; such that {Py} = (£}, Inity, k), {P1} = (&, Init}, k7). and (€', Init’, k') is constructed as described
in the parallel composition rule.

We have isomorphisms fq : Eo — £, g0 : &) — o, f1: &1 — &, and g1 : £ — &1, and there exists a transition Initg o
X in Cre(Ep) such that Ag(ey) = u, ky(fo(e)) =m and fo(X) = Init;,.

We define functions

(fo(eo), *) if e = (e, *)

f'e)= 1 G+, fi(e1)) ife=(x,er)

(fo(eo), fi(e1)) ife=(eq,e1)

and
(&o(eo), *) ife = (eo, *)
g'(e) =1 (x,81(e1) ife=(x,e1)
(8o(eo), g1(e1)) ife = (ep, 1)
and our isomorphisms as:

(f'X), f'e)) ife=(X.e)

f'(e) otherwise

fle)=
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and

g0) = {(g’(x),g/(e’)) ife=(x.¢)
g'e) otherwise

It is clear that fog=1Igc and go f =1Ig¢/.

We show that f: £ — £’ is a morphism, meaning for all e, e’ € E:

- Obviously A(e) =M1 (f(e))

- If f(e) = f(¢’) then since fy and f; are injective, e =¢’.

- For X' CF/, if X'’ f(e)* then either e* = (Y, ex and there exists e, € f(Y) such that X' ={(Y',e.) | Y’ C f'(Y)},
or e* € Ex and there exists X" such that X" =/ f(e) and X' = {e’ | (w}(e'), w{(e')) € X"}, or e* = (Y,ex) and
X' ={f(e)}, or e*=(Y,eyx) and

Jie{0,1}, X € E;. X[ =} 7/ (f(e))
X/:U X"| ordey e f(Y). X/ —im/(ex)
ande” e X" iff r/(e") € X

or e* € Ey and there exists X” such that X" ' f(e) and X' = {e’ | (7ry(e"), w1 (e")) € X"}.

If e* = (Y, ex and there exists e, € f(Y) such that X' ={(Y',e./) | Y’ C f(Y)} then there exists an e €Y such that
fel,)=e, and clearly {(Y',e)) | Y C Y} (Y.ex).

If e* € E, and there exists X” such that X"~/ f(e) and X' = {e’ | (7} (e), r{(¢’)) € X"} then by induction and since
|| is an REBES product, there exists X"/ C Ey such that X"~y e, f(X") € X”, and if e’ € X" then f(e’) # L. This
means {e’ | (7mg(e’), w1(e")) € X"} > e.

If e*=(Y,eyx) and X' ={f(e)}, or e¥* =(Y,ex) and

3i € (0,1}, X, € E/.X] >/ 7/(f ()
X' =3 X"| orde, e f(Y).X[ ] 7](ex)
ande” € X" iff [ (e") € X
then by induction, since g = f~! is a morphism for each X; —; m;(e), f(X;) C X! i m/(f(e)), and for each X;+>;
miel) €Y, f(Xi) C X[ ! m/(f(e,)) meaning

die{0,1}, X; € E; . Xj —; mi(e)
X"| or3e, eY.X;—;mie,)
ande” € X" iff [ (e") € X;
3i €{0,1}, X; € E.X[ = 7/ (f(e))
CX"| ordey e f(Y). X[ =>im/(ex)
ande” € X" iff [ (e") € X]

If e* € E, and there exists X” such that X” '/ f(e) and X' = {e’ | (wy(e’), m{(e')) € X"} then by induction
and because || is an REBES product, there exists X” C E, such that f(X”) € X” and X" ~ e. This means
{e'| (mo(e'), m1(e)) € X"} > e.

- If f(e) >’ f(e')* then there exists i € {0, 1} such that either 7/ (f(e)) >} 7/ (f(e"))*, or 7/(f(e)) =7/ (f(e')) # L, and
f(e)#£ f(e), or f(e")* = f(e), f(e) # f(e'), and f(e) € X —' f(e'), or f(e')* = f(¢’) and there exist y, ¥’ such that
A (f(e))=roll y and A'(f(e’)) =roll y'.
If 7/ (f(e)) >} /(f (¢'))* then by induction 7;(e) >; 7ri(e')*, meaning e* 1> e.
If 7/ (f(e)) =m{(f(e") # L, and f(e) # f(e’) then mi(e) =m;(e’) # L and e # ¢, meaning e 1> e’*.
If f(e")*=f(e'), f(e) # f(e'), and f(e) € X’ f(e') then, since, by similar arguments to the previous case, g(X) —
f(e), and e € g(X), e > e*.
If f(e')* = f(¢/) and there exist y, y’ such that A'(f(e)) =roll ¥y and A'(f(e’)) =roll y’, then A(e) =roll y and
A(e") =roll ', meaning e > e’*.

By similar arguments, g is a morphism too.

We now show that there exists an (Y, (e, %)) € E such that {e’ | (7wo(e’), 7r1(e’)) € Y} C Init. Since Initg m for every
Xo >0 eu, XoNlInity = Xo = {eo}, and if X[, ¢ ep then by Lemma 7.7, X{ >0 ey, and therefore X{ N Initg 5 @. Therefore
there must exist one (Y, (ey,*)) € E such that {e’ | (7wo(e’), w1(e")) € Y} C Init. We use this (Y, (ey,*)) as our e and

show that Init ﬁ: Since Y C Init, for every X — e, X NInit # #. And if e’ > e then it must that either mg(e’) >0 e, in

. . . . {en}
which case mg(e’) ¢ Initg, and therefore e’ ¢ Init, or mg(e’) =e;, and e # ¢/, in which case, since Init e ¢ Initp, and
therefore e’ ¢ Init, or ¢’ € X +— e and e’ # e, in which case mg(e’) € Xo > e, or mo(e') € Xo > mo(e”) for e” € Y, and by
Lemmas 7.9 and 7.11, 7o (e’) t> ey, meaning mo(e’) ¢ Initp, and e’ ¢ I.
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We therefore have Init ﬁ I'U{e}, and obviously A(e) = Ag(e,) = and f ok’ =kU{(e,m)}, and since fo(Inito U{e,}) =
Inity and fq(Init;) = Init}, and there only exists one (Y, (e,,*)) € E such that {e’ | (7wo(e'), w1(e)) € Y} C Init, f(InitU
{e}) = Init’.

Suppose P = Pg | Py, P' =P}y | P}, P 2% py, py XL pr and p=1.

Then the construction of (&, Init,k) and (5/, Init/,k/> and the isomorphisms are similar to the previous case. And by

induction we have transitions Initg E’L and Init; ﬂ fulfilling the conditions.

For similar reasons to the previous case there exists exactly one (Y, (eg, e1) such that {e’ | (7rg(e’), w1 (e")) € Y} C Init,

and we use this (Y, (eg, e1)) as e, and the rest of the proof follows similarly.

Suppose P = Pg+ P1, P’=Py+ P1, Po ﬂm—L P/, and std(P1). Then the rule for selection is the same in roll-CCSK as in

CCSK, and the case is therefore identical to Theorem 4.18.

Suppose P=Q \ A, P’=Q'\ A, Q LN Q’, and u ¢ AUA. Then there exist £y and &f, such that {Q} = (Eq . nitq , k),

{o’}= <€b, Init/Q, k’Q > and £ and &’ are constructed from £y and 5{2 as described in the restriction rule, and there

exist isomorphisms fq : Eq — &, and g: &, — &£q and a transition Initq eal where ro(eq) =M, fo ok =kq U
{(eq.m)}, and fq (Initq U feq}) = Initj, .

Since there exists a standard process P” such that P” —* P, there cannot exist e’ € Init such that A(e’) € AU A or for
all x € cause(e’), there exists e” € x such that A(e”) € AU A, meaning Init N p(A U A) = Init, and, since eq € p(A U A),
Init .

Suppose P=Q[f], P’=Q’[f], Q Yiml Q’, and f’(v) = u. Then the rule for functions is the same in roll-CCSK as in

CCSK, and the case is therefore identical to Theorem 4.18.

Suppose P=Q, P’=Q’, and Q M) Q’. Then the result follows from induction and Proposition 7.12. O

F10. Proof of Theorem 7.14

Proof. We say that the inverse of f is g: & — &£ and prove this result by induction on P by constructing £, £, f and g
for each case:

Suppose P =0. Then E = ¢, and obviously no transitions exist in Cp, ().

Suppose P =roll y. Then there does not exist e € E such that A(e) = u.

Suppose P =rolling y. Then there does not exist e € E such that A(e) = u.

Suppose P =, .P". Then {ey} — ¢’ for all e’ € E \ {ey} such that A(e) = 11, meaning by definition e = e,. In addition,

by Lemma 7.6, whenever e’ € Init, A(e') € {roll ', start roll '} meaning std(P). This means we get P edml, o[m].P” for
some fresh m, and the isomorphisms are similar to this case in the proof of Theorem 4.18.

Suppose P = «[n].P” and {P"}}=(E”, Init”, k”). Then e, € Init, and clearly Init” < X", meaning there exists a key m and a

.. A L .
transition P =L P", such that {P""}} = (5“/, Init”, k”/) and there exist isomorphisms f”: " — &" and g" : " — £”

such that k”(f”(e)) =m and f”(X”) = Init”. If m #n, then P Aeym «o[m].P"”. Otherwise, we can chose a fresh m and

still get a transition. We define our isomorphisms as f = f” U {(eq,e})} and g =g” U{(e),.eq)} and the rest of the
proof is straightforward.

e Suppose P = Pg + Py. Then the proof is similar to the same case in CCSK, as the choice semantics is the same.
e Suppose P = Pg | P1, {Po}} = (o, Inito, ko), Chr(&0) = (Eo, Fo,Co,—0), {P1} = (&1,Init1, k1), and Cpr(&r) =

(E1, F1,C1, —1). Then either e = (Y, (eo, ¥)), e = (Y, (,€1)), or e = (Y, (eo, €1)).
If e = (Y, (eo, %)), then whenever X[ ¢ eq, there exists e’ € Y such that mp(e’) € Xp and {e’} — e. And whenever

mo(e") > mo(e), we get e’ >e. This means Initg is conflict-free, o (X) is conflict-free, and Initg 30 7o (X). There therefore

exists a key m and a transition Pg LUGCYLIY Py, such that { Py} = (€5, Inity, k) and there exist isomorphisms fo : €9 — &)

and go : £ — &o such that k{(fo(eo)) =m and fo(o(X)) = Inity.

We chose an m, which is fresh for P1, and we get P 2oleo)lm], Py | P1. We define our isomorphisms similarly to the

corresponding case in Theorem 7.13, and the proof of them being isomorphisms is similar.

If e= (Y, (%, e1)), the argument is similar.

If e = (Y, (eo,e1)), then for i € {0, 1}, whenever X; > e;, there exists e’ € Y such that m;(e’) € X and {e’} — e. And
whenever (') i 7ri(e), we get e’ # e. This means Init; is conflict-free, 77;(X) is conflict-free, and Init; 3,- ;i (X). There
therefore exists a key m; and a transition P; Ml P}, such that {P/}} = (£/,Init/, k}) and there exist isomorphisms
fi: &0 — & and g : & — & such that ki(fi(e;)) =m; and f;(7;(X)) = Initg,.
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We say that mo =m; is a fresh m, and then since Ag(eg) = A1 (e1) and A(e) = T, we get P Aeml, Py | P7. We define our

isomorphisms similarly to the corresponding case in Theorem 7.13, and the proof of them being isomorphism is similar
to that case. The rest of the case is straightforward.

e Suppose P =P"\ A, {P"} = (5“, Init, k), and Cpr(E”) = (E”, F”,C",—"). Then A(e) ¢ AU A and there exists at least
one Y € cause(e) such that if e’ e Y then A(e’) ¢ (A UA). And since P is reachable, for all e’ € Init, A(e') ¢ (A U A).

A
We therefore know Init’ = Init 5’ X meaning there exists a key n and a transition P” 2@ pr such that {r"}=

(5/”, Init’“,k’“), and there exist isomorphisms f':£” — &” and f':E£” — £” such that f’ ok” =U{(e,n)} and f'(X) =
Init”’.

This means P -5 p” \ A and the morphisms f [ E and g | E” N p(AUA) clearly fulfil the remaining conditions.
e Suppose P =P"[f], {P"}}=(£”, Init, k). Then the case is similar to the corresponding case of Theorem 4.19. O

E11. Proof of Theorem 7.22

roll n,
Proof. We prove this through induction on the derivation of P " P’ by constructing £, £, f and g for each case:

(act ROLL): Suppose P = oy, [n].R, R L R, and P’ = &y .Ry(wpn<pny, With {R} = (Er, Initg,kg) and {Ryin<,mf} =
(Err, Initgs, kgr). Then {n’' |n <p n'} is n and all n’s for which g,/[n] occurs in P. It is clear from the semantic
rules that this means Init' = {e | A(e) € {start roll 3’ | rolling ¥’ occurs in P and 3, n.pys or B,[m] occurs in P} and
there exists an isomorphism f:& — &'.

In addition we have e,e, € E such that A(e) = «, k(e) =n, A(e;) =roll ¥, N(e;) =roll n, and {e;} — e. By

{eo} {en} fer}
Lemmas 7.6, 7.10, and 7.11. we then get Init u> Xo = X1+ — Xp+1 —> Xqone fulfilling the conditions.

roll y

(par ROLL): Suppose P=Q | R, P'=(Q | R) 4(win<pn} Q oy Q’, and we generate event structures as follows: {Q} =
(Eq.Initg, kq ), {R} = (Er. Mitg. kg), { Q4 (win<pm)l} :< o Inity , Q), {R 4 win=pmy [} = (€. Inith, k), and we construct

(€, Init, k) from (£q, Initq, ko) and (g, Initg, kg) and (€7, Init’, k') from <8/Q Init, , k/Q> and (&, Inity, k) as described
in the semantics.

It is clear from the semantics that there exists an isomorphism f:& — 5’

{eo} {em} ler
By induction we have Inth ——) X(O Q) —0—> X(1 Q)" _m) X(m+1 Q) ——) X(done Q) {eg,e1,...en} = {e’ | n <Q

kq (e’)}, and there exists an isomorphism fq : Eq — 8Q such that f(Xone,q)) = Inth
From this we get that (e, %) € E, and for each X — (e, *), we have an Xq — e, such that X={e € E |mq(e) €
Xq}, and therefore X N Init # @. Additionally, if e > (e;, *), then either 7q (e) > e, or A(e) =roll y’, meaning

e ¢ Init. We therefore get Init M Since by Lemma 7.17 fle’ e I.A(e’) =roll y’, we get that by Lemma 7.18 for e;,

0 <i <n, whenever X; — e;, either X; = {e;}, or e; € X;, meaning for any e € E such that 7q (e) € {eg, e1, ...en},
whenever X > e, either X = {e} or (e, *) € X. The rest follows from Lemma 7.11 and Proposition 7.19.

(prop ROLL Key 1): Suppose P = ﬁy[m] R, P’ =, [m].R', m" #n, R“M”’R’ {R} = (Er, Initg, kg), and {R'}} = (Er', Initg/, kgr).

{eo} {en} fer}
Then by induction Initg —> Xo = X1+ —> Xpt1 —> Xdone, and there exists an isomorphism fg : Eg — Ep

fulfilling the conditions. Then it is clear from the semantics that the result holds using the isomorphism

f=frUl(eq, e)}.
roll n

(propROLLKeyZ)' Suppose P = f,.R, P’ = B,.R', {R} = (k. Initr, kr), {R'} = (Eg', Initg', k), and R % R’. Then

{eo} {en} {er}
Initg —> Xo = X1+ —> Xp+1 —> Xdone, and there exists an isomorphism fg : Eg — Egs such that fr(Xy) =

Initg:. Then it is clear from the semantics that the result holds using the isomorphism f = fgr U {(ea, e,)}.
(prop ROLLKey 3): Suppose P = Po+ P1, P’ = Py + P1, {Pol} = (o, Inito, ko), {P1] = (€1, Inity, k1) {Py]} = (&5, nity, kp), and

roll n {e.0)) {e©,0} lemo} feqr.0)} .
Po L5 P, Then by induction Inity i X(0,0) X1,0) - = X(n+1,0) = X(done,0)» and there exists

an 1somorphlsm fo: &g — & fulfilling the conditions. Then, since P is consistent, std(P1), and therefore {0} x

{00} {(0,6-’(0.0))} {(0.em,0)} {(0.e¢r,0)}
Inity ————— {0} x X0,00 —— {0} x Xa,0 —— {0} x Xnt1,0 —> {0} x X(done,0) and the rest

obviously holds.

Il
(prop ROLLKey 4): Suppose P =R\ A, P' = R'\ A, {R} = (k. Initg. kg), {R'} = (Ex. Initg', kg'), and R “~ R’. Then by

{eo) {en) {er}
induction Initg u> Xo = X1+ —> Xnt1 —> Xdone, and there exists an isomorphism fg : &g — &g such that

fr(Xq) = Initg:. Then, since P is consistent, if ay[n] occurs in R, a ¢ AU A, and by Theorem 7.13, whenever
e € Initg, there exists X € cause(e) such that X C p(A U A), and the result follows.
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Il
prop ey 5): Suppose P = , Pl = s = (&R, Initg, kgr), = (&, Initgr, kgr), , an B R’. Then
( ROLL Key 5): S P=R[f], PP =R/[f], {R} = (£ kr), IR’ (&€ kr), y'#y, and R
. {eo} {en) {er} . . . .
by induction Initg ﬂ) Xo = X1 -+ —> Xn+1 —> Xdone, and there exists an isomorphism fr : Eg — Ep fulfilling
the conditions, and the result follows.

i
(prop ROLL Key 6): Suppose P=Q, Q 2 Q’, and Q' = P. Then the result follows from Proposition 7.12. O
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